A History of the Theories of
Aether and Electricity

Sir Edmund Whittaker r.r.s.

Honorary Fellow of Trinity College Cambridge

The Modern Theories
1900-1926

Thomas Nelson and Sons Ltd
London Edinburgh Paris Melbourne Toronto and New York




THOMAS NELSON AND SONS LTD
Parkside Works Edinburgh 9
3 Henrietta Street London WCz2
312 Flinders Street Melbourne Cx
s Parker’s Buildings Burg Street Cape Town

THoMAS NELSON AND SoNs (CaNapa) L1p
9193 Wellington Street West Toronto 1

TaOoMAS NELSON AND SONS
19 East 47th Street New York 17

SocréTt FRANGAISE D’EDITIONS NELSON
25 rue Henri Barbusse Paris Ve

First published 1953

- o

Preface

Tue purpose of this volume is to describe the revolution in
physics which took place in the first quarter of the twentieth
century, and which included the discoveries of Special Relativity,
the older Quantum Theory, General Relativity, Matrix
Mechanics and Wave Mechanics.

My original intention was to give an account of the history
from 1goo to 1950 in a single volume ; but the wealth of material
made this undesirable ; and the period from 1926 to 1950 must
be reserved for a third book.

I am greatly indebted to Dr E. T. Copson, Regius Professor
of Mathematics in the University of St Andrews, and Dr
J. M. Whittaker, Vice-Chancellor of the University of Sheffield,

for reading the proofs.
E. T. WHITTAKER

48 George Square
Edinburgh, April 1953
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Chapter I

THE AGE OF RUTHERFORD

WHEN Réntgen announced his discovery of the X-rays! it was
natural to suspect some connection between these rays and the
fluorescence (or, as it was generally called at that time, phosphor-
escence) of the part of the vacuum tube from which they were
emitted. Accordingly, a number of workers tried to find whether
phosphorescent bodies in general emitted radiations which could
pass through opaque bodies and then either affect photographic
plates or excite phosphorescence in other bodies.

In particular, Henri Becquerel of Paris (1852-1908) resolved to
examine the radiations which are emitted, after exposure to the
sun, by the double sulphate of uranium and potassium, a substance
which had been shown by his father, Edmond Becquerel (1820-91),
to have the property of phosphorescence. The result was com-
municated to the French Academy on 24 February 1896.2 ¢ Let
a photographic plate,” he said, ‘ be wrapped in two sheets of very
thick black paper, such that the plate is not affected by exposure
to the sun for a day. Outside the paper place a quantity of the
phosphorescent substance, and expose the whole to the sun for
several hours. When the plate is developed, it displays a silhouette
of the phosphorescent substance. So the latter must emit radiations
which are capable of passing through paper opaque to ordinary
light, and of affecting salts of silver.’

At this time Becquerel supposed the radiation to have been
excited by the exposure of the phosphorescent substance to the sun ;
but a week later he announced ® that in one experiment the sun
had become obscured almost as soon as the exposure was begun,
and yet that when the photographic plate was developed, the intensity
of the silhouette was as strong as in the other cases : and moreover,
he had found that the radiation persisted for an indefinite time after
the substance had been removed from the sunlight, and after the
luminosity which properly constitutes phosphorescence had died
away ; and he was thus led to conclude that the activity was spon-
taneous and permanent. It was soon found that those salts of
uranium which do not phos horesce—that is, the uranous series
of salts—and the metal itself, all emit the rays; and it became
evident that what Becquerel had discovered was a radically new
Property, possessed by the element uranium in all its chemical
compounds.

t cf. Vol. I, p. 357 * Comptes Rendus, cxxii (1896), p. 420
* Comptes Rendus, cxxii (2 March 1896), p. 501
I



AETHER AND ELECTRICITY

Very soon he found! that the new rays, like the Rontgen and
cathode rays, impart conductivity to gases. The conductivity due
to X-rays was at that time being investigated at the Cavendish
Laboratory, Cambridge, by J. J. Thomson, who had been joined in
the summer of 1895 by a young rescarch student from New Zealand
named Ernest Ruthérford (1871-1937). They found that the
conductivity is due to ions, or particles carrying electric charges,
which are produced in the gas by the radiation, and which are set
in motion when an electric field is applied. Rutherford went on to
examine the conductivity produced by the rays from uranium (which,
as he showed, is likewise due to ionisation), and the absorption of
these rays by matter : he found ? that the rays are not all of the
same kind, but that at least two distinct types are present : one of
these, to which he gave the name a-rays, is readily absorbed ; while
another, which he named pB-radiation, has a penetrating power a
hundred times as great as the a-rays.

Early in 1898 two mnew workers entered the field. Marya
Sklodowska, born in Warsaw in 1867 (d. 1934), had studied physics
in Paris, and in 1895 had married a young French physicist, Pierre
Curie (1859-1906). She now resolved to search for other substances
having the properties that Becquerel had found in uranium, and
showed in April 1898 that these properties were possessed by com-
pounds of thorium,?® the element which, of the elements known at
that time, stood next to uranium in the order of atomic weights ;
the same discovery was made simultaneously by G. C. Schmidt *
in Germany. Madame Curie went on to show that, since the
emission of rays by uranium and thorium is unaffected by chemical
changes, it must be essentially an afomic property.s Now the mineral

itchblende, from which the uranium was derived, was found to
ave an activity much greater than could be accounted for by the
uranium contained in it : and from this fact she inferred that the
R/i{tchblende must contain yet another °radio-active’ element.
aking a systematic chemical analysis, she and her husband in
July 1898 discovered a new element which, in honour of her native
country, she named polonium,® and then in December another,
having an activity many million times as great as uranium : to
this the name radium was given.? Its spectrum was examined by
F. A. Demarcay,® and a spectral line was found which was not other-
wise identifiable. The next three and a half years were spent chiefly
in determining its atomic weight, by a laborious series of successive

1 Comples Rendus, cxxii (1896), p. 559

1 This paper was published in Phil. Mag.(5) xlvii (1899), p. 109, afier Rutherford
had left Cambridge for a chair in McGill University.

3 Comptes Rendus, cxxvi (12 April 1898), p. 1101

¢ Ann. d. Phys, Ixv (19 April 1898), p. 141

s Some years later, the Curies described the ideas that had inspired their researches
in Comptes Rendus cxxxiv (1902), p. 85.

o Comptes Rendus, cxxvii (1898), p. 175 7 Ibid. cxxvii (1898), p. 1215

¢ Comptes Rendus, cxxvii (1898), p. 1218
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THE AGE OF RUTHERFORD

fractionations : the value found was 225.! Meanwhi
E:;Eict}lxmphynglst, Andréf D}tl‘,bierne (6. 1874), discg:,/l:rlgd airr110t}t1§£
residues yet a fur io-acti 2 i
gav‘zthe Jesid actizz’ium. ther radio-active element,? to which he
ttention was now directed to the a- and B-rays

A few months after their discovery it was shownﬁby }éig:‘e{{%tg:zrgoel:eli
and others, that part of the radiation (the g-rays) was deflected b
a magnetic field,® while part (the -rays) was not ap reciably
deflected.* After this Monsieur and Madame Curie 5 found that thz
deviable rays carry negative electric charges, and Becquerel ¢
succeeded in deviating them by an electrostatic field. The deviable
or B-rays were thus clearly of the same nature as cathode rays ;
and when measurements of the electric and magnetic deviations gZVC’
for the ratio m/e a value? of the order 10-7, the identity of the
’?‘—}?:mg?; w1thl the cathode-ray corpuscles was fully established.
swift); . iffer only in velocity, the B-rays being very much the

The a-rays were at this time supposed to be not devi
magnetic field : the deviation is inptgct small, even Vsh;attehde lf)i}élg
is powerful : but in February 1903 Rutherford ® announced that
he had succeeded in deviating them by both magnetic and electro-
static fields. The deviation was in the opposite sense to that of the
cathode rays, so the a-radiations must consist of positively charged
particles projected with great velocity,? and the smallness of the devia-
tion suggested that the exfpellcd particles were massive compared to
the electron. A method of observing them was discovered in 1903 b
Sir W. Crookes 1° and independent%y by J. Elster and W. Geitel, !
who found that when a radio-active substance was brought near
a screen of Sidot’s hexagonal blende (zinc sulphide), bright scintilla-
gons were observed, due to the cleavage of the blende under the

ombardment. Rutherford suggested that this property might be
used for counting the number of a-particles in the rays.

Meanwhile it had been discovered by P. Villard 12 that in addition
to the alpha and beta rays, radium emits a third type of radiation
much more penetrating than either of them, in fact 160 times as
gefr}etratlng as the beta rays. The thickness of aluminium traversed
fe ore the intensity is reduced to one-half is approximately 0-0005 cm
or the a-rays, 0-05 cm. for the f-rays and 8 cm. for the y-rays, as

. .
Later raised to 226 * Comptes Rendus, cxoxx (2 April 1900), p. 906

* F. O. Giesel, Ann d. Phys. Ixix (1899) i i i
. . . p. 834 (working with pol ;
gZMﬁtex .S{iendu.r, cxxix (1899), p. 996 (workin’gwith radium); gS. MC)I')C(;‘ 2231 ]I?:n)v’ Sgﬁfs?cl};fd’
bs. §eéq(ul 89!19), . 11k3 (;aveox:jkmg with polonium and radium) o wen
erel, Com, CcxXxix 3 CXXX
Cur‘iebibid., A te R (1899), p. 1205 ; (1900), pp. 206, 372 ;
omptes Rendus, cxxx (1900), p. 647 ¢ Comptes Rend:
* of. W. Kaufmann, Verh. Deutsch Phys. Ges. i ot ey % (1900), - 809
* Phil. Mag.©) v (Feb. 1903), bt (1907), p. 667
This had been conjectured by R. J. Strutt in Phil. Trans. cxevi (1901), p. 507.

!* Proc. R.S. Ixxi (80 April 19 ; D
8. pril 1903), p. 405 u Phys, M
' Compies Rendis, cxsae (30 Apedl 1900), p. 1178 % €5 1v (1 May 1505), p. 439
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AETHER AND ELECTRICITY

Villard’s radiation was called. Villard found that the y-radiation is,
like the X-rays, not deviable by magnetic forces.

In 1898 Rutherford was appointed to a chair in McGill Uni-
versity, Montreal, and there with R. B. Owens, the professor of
electrical engineering, began an investigation into the radio-activity
of the thorium compounds. The conductivity produced by the
oxide thoria in the air was found ! to vary in an unexpected and
perplexing manner: it could bealtered considerably byslight draughts
caused by opening or shutting a door. Eventually Rutherford con-
cluded that thoria emitted 2 very small amounts of some material
substance which was itself radio-active, and which could be carried
away in an air current : this, to which he gave the name thorium
emanation, was shown to be a gas belonging to the same chemical
family as helium and argon, but of high molecular weight.?

Meanwhile in Cambridge C. T. R. Wilson had been developing *
his cloud-chamber, which was to provide the most powerful of all
methods of investigation in atomic physics. In moist air, if a certain
degree of supersaturation is exceeded (this can be secured by a sudden
expansion of the air) condensation takes place on dust-nuclei, when
any are present : if by preliminary operations condensation is made
to take place on the dust-nuclei, and the resulting droplets are
allowed to settle, the air in the chamber is thereby freed from dust.
If now X-rays or radiations from a radio-active substance are passed
into the chamber, and if the degree of supersaturation is sufficient,
condensation again takes place : this is due to the production of
ions by the radiation. Thus the tracks of ionising radiations can be
made visible by the sudden expansion of a moist gas, each ion
becoming the centre of a visible globule of water. Wilson showed
that the ions produced by uranium radiation were identical with
those produced by X-rays. J. J. Thomson in July 1899 wrote
pointing out the advantages of the Wilson chamber to Rutherford,
who henceforth profited immensely by its use. In this way the
track of a single atomic projectile or electron could be rendered
visible.

An important property, discovered for the first time in connection
with thorium emanation, was that the radio-activity connected with
it rapidly decreased. This behaviour was found later to be character-
istic of all radio-active substances : but in the earliest known cases,
uranium and thorium, the half-period (i.e. the time required for the
activity to be reduced by one-half) is of the order of millions of years,
so the property had not hitherto been noticed. Rutherford found *
that the intensity of the ‘induced radiation’ of thorium falls off

1 QOwens, Phil. Mag.(3 xlviii (Oct. 1899), p. 360
* Phil. Mag.(5) xlix (Jan. 1900}, p. 1
3 Soon after this, Friedrich Ernst Dorn of Halle found that radium, like thorium,
produced an emanation : Halle Nat. Ges. Abh. xxiii (1900).
¢ Phil. Trans. clxxxix(a) (1897), p. 265 ; Proc. Camb. P.S. ix (1898), p. 333
5 Phil. Mag. xlix (Feb. 1900}, p. 161
(995) 4
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exponentially with the time : so that if I, is the intensity at any time
and I, the intensity after the lapse of a time ¢ then

I Ile —M
when A is a constant.

In May 1900 Sir W. Crookes * showed that it was possible by
chemical means to separate from uranium a small fraction, which
he called uranium X, which possessed the whole of the photographic
activity of the original substance. He found, moreover, that the
activity of the uranium X gradually decayed, while the full activity
of the residual uranium was gradually renewed, so that after a
sufficient lapse of time it was possible to separate from it a fresh
supply of uranium X. These fgcts had an important share in the
formation of the theory.

It was at first supposed that the pure uranium, immediately after
the separation, is not radio-active : but F. Soddy (4. 1877) observed
that though photographically inactive, it is active when tested by
the electrical method. Now the a-rays are active electrically but
not photographically, whereas the B-rays are active photographi-
cally : and the conclusion was drawn 2 that pure uranium emits
only a-rays and uranium X only g-rays. Soddy had joined the
staff of McGill University in 1900 as Demonstrator in Chemistry,
and at once began to assist Rutherford in his work on radio-activity.
Further experiments on the thorium emanation involved condensing
it by extreme cold, and it was discovered ? that the emanation was
produced not directly by the thorium but by an intermediate sub-
stance which, as it had many of the characters of Crookes’ uranium
X, was named thorium X. This was the first indication that radio-
activity involves a chain of transformations of chemical elements.

The work of Rutherford and Soddy on thorium and its radio-
active derivatives led them to a general theory of radio-activity,
which was published in September 1902-May 1903.4 The greatest
obstacle to a clear understanding of the subject had been, curiously
enough, the intense belief of everybody in the principle of conserva-
tion of energy : here was an enormous amount of energy being
outpoured, and no-one could see where it came from. So long as
it was attributed to the absorption of some unknown kind of external
radiation, the essence of the matter could not be discovered. Ruther-
ford and Soddy now swept this notion away, and asserted that :

(i) In the radio-active elements radium, thorium and uranium,
there is a continuous production of new kinds of matter, which are
themselves radio-active.

(ii) When several changes occur together these are not simul-

! Proc. R.S.(a), kxvi (1900), p. 409

% Soddy, Fourn. Chem. Soc. Ixxxi and Ixxxii (July 1902), p. 860 ; Rutherford and
A. G. Grier, Phil. Mag.(®) iv (Sept. 1902), p. 315

3 Phil. Mag.(®) iv (Sept. 1902), p. 370

¢ Phil. Mag.(6) iv (Sept. 1902),11)). 370; ibid. (Nov. 1902}, p. 569 ; ibid.(6) v (April
1903),(pp. 441, 445 ; 1bid. (May 1903), pp. 561, 576
995)
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AETHER AND ELECTRICITY

taneous, but successive ; thus thorium produces thorium X, the
thorium X produces the thorium emanation and the latter produces
an excited activity.

(iii) The phenomenon of radio-activity consists in this, that a
certain proportion of the atoms undergo spontaneous transformation
into atoms of a different nature : these changes are different in
character from any changes that have been dealt with before in
chemistry, for the energy comes from intra-atomic sources which
are not concerned in chemical reactions.

(iv) The number of atoms that disintegrate in unit time is a
definite proportion of the atoms that are present and have not yet
disintegrated. The proportion is characteristic of the radio-active
body, and is constant for that body. This leads at once to an expon-
ential law of decay with the time : thus if 7, is the initial number
of atoms, and 7 is the number at time ¢ afterwards, then

n=ne "
where A is the fraction of the total number which disintegrates in
unit time, so the average life of an atom is /A

(v) The a-rays consist of positively charged particles, whose ratio
of mass to charge is over 1,000 times as great as for the electrons in
cathode rays. If it is assumed that the value of the charge is the
same as for the electron, then the a-ray particles must have a mass
of the same order as that of the hydrogen atom.

(vi) The rays emitted are an accompaniment of the change of
the atom into the one next produced, and there is every reason to
suppose, not merely that the expulsion of a charged particle accom-
panies the change, but that this expulsion actually s the change.

The authors remarked (in the paper of November 1902) that in
naturally occurring minerals containing radio-elements, the radio-
active changes must have been taking place over a very long period,
and it was therefore possible that the ultimate products might have
accumulated in sufficient quantity to be detected. As helium is
usually found in such minerals, it was suggested that helium might
be such a product. Several years passed before this was finally
established, but its probability was continually increasing. Soddy
left Montreal in 1903 to work with Sir William Ramsay at University

College, London, and Rutherford, who was in England in the
summer of that year, called on Ramsay and Soddy, and with them
detected (by its spectrum) the presence of helium in the emanation
of radium. It seemed certain, therefore, that helium occu ied some
place in the sequence of linear descent which begins wit radium,
and at first the general expectation was that it would prove to be
an end-product. Rutherford, however, entertained the idea that
it might be formed from the a-particles,' which, as we have seen,
were known to be of the same order of mass as hydrogen or helium

atoms ; that the a-particles, in fact, might be positively charged
1 Nature, Ixviil (206Aug. 1903), p. 366
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atoms of helium : and for some years this suppositi bated
without a definite conclusion bei}r,lg reached.p%rfltiggﬁwﬁsuflfgr%gg
determined * with greater accuracy the ratio ¢/m of the a-particl
from radium C, and found it to be between 5-0 X 10* and 5I-)2 X 10ess
Xhlch is only half the value of ¢/m for the hydrogen atom : this,
owever, left it undecided whether the o-particle is a h drogen
molecule (molecular weight 2) carrying the ionic charge, or ayheli%em
atorfln(iié%in% }ﬁ@lght};}), ca%rying twice the ionic chargé.
) t William Henry Bragg (1862-1942), a i
in the University of Adelaide,g gS<§uth AustreZlia,t ts}}lxitlvtéglg [z}rlc;f;ests}cl);
g—Partlcle,' on account of its mass, has only a small probability of
being deviated when Jaas§ing through matter, and that in en}éral
it continues in a fixed direction, gradually losing its energ}% until
1tfctc})1mes to a stop : the distance traversed may be called the range
19 e a-particle. He found in the case of radium definite ran gs
or four kinds of a-particles, corresponding to emissions from radiug
radium emanation, radium A and radium C: the a-particles frorrr;;
any particular kind of atom are all shot out with the same veloci
but this velocity varies from one kind of atom to another, as mi tl}lli
be expected from Rutherford’s theory. f-particles, on ’the otlgler
hand, are easily deflected from their paths by collisions with gas
Eolecules, and their tracks in a Wilson cloud-chamber are zig—zag :
ofe,}é '(rzge Sscatfttered by passing through matter, so that a narrow pen%ii
deﬁnedyb’e ;mfar passing through a metal plate, emerges as an ill-
In 1907 Rutherford was translated to the chai ics i
gmversxty of Manchester. Here he found a ;gl?rfgpllg);zgigtlet}:)ef'
fylanger'l, Hans Geiger, with whom he devised ? an electrical method
g counting the a-particles directly, the Geiger counter as it has since
een generally called. The a-rays were sent through a gas, exposed
tohgin electric field so strong as to be near the breakdown value at
w 1(<i:h a discharge must pass. When a single o-particle passed and
Er(l)d uced a small jonisation, the ions were accelerated by the electric
ti?n esancrir g;se ;ggas:t;on yl\;zlis Itrlllagniﬁed by gollisions several thousand
es. possible the passage of a mom i
which could be registered. Thisp cour%ting of atomglz)tﬁgy bilf)cr?eaix%:;
2 great achievement : it was found that the number of a-particles
tlrlrintted by 1 gram of radium in one second is 3-4x10%: when
. s was combined with the value of the total charge (found in the
(;cond paper), it became clear that an a-particle carries double th
€ ecr%rﬁn charge, reversed in sign. € the
e question as to the possible connection of a- i i
was finally settled later i111) the same year. Rutlfzelxyff):gtgle}::gcllm;

* Phys. Rev. xxii (Feb. 1906) 5 Phi ii
y . , p- 122 ;5 Phil. Mag. xii (Oct. 1906
* Phil. Mag. viii (Dec. 1904), p. 719; W. H, Bragg( and R. K)l’cg:nz‘r}l? Phil. Mag. x

. (Sept. 1 ; i
3 $9014)- 905), p. 318 ; Paper read before the Royal Society of South Australia, 6 June

* Proc. R.S.(a), bod (27 Aug. 1908), pp. 141, 162
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quantity of radium emanation in a glass tube, which was so thin
that the a-rays generated by the emanation would pass through its
walls : they were received on the walls of a surrounding glass tube,
and, after diffusing out, were found to give the spectrum of helium.
This proved definitely that the a-particles are helium atoms, carrying
two unit positive charges,’ a conclusion which he had also reached *
a short time before by a different line of reasoning.

An interesting corroboration of Rutherford’s account of the
emission of a-rays was obtained somewhat later, when he and
Geiger investigated the fluctuations ® in the recorded numbers of
particles emitted by a radio-active substance in successive equal
intervals of time. H. Bateman had shown that if the emission is
a random one, then the probability that # particles will be observed
in unit time is

xre*
n!

where  is the average number per unit time, and 7 is a whole number
(n=0,1,2, ... ). Rutherford and Geiger in 1910 verified this
formula experimentally.? Yet a further completion of the work on
a-particles was a measurement, made with Boltwood,® of the volume
of helium produced by a large quantity of radium. By combining
the result now obtained with that of the counting experiment it was
possible to evaluate the number of molecules in a quantity of the
substance whose weight in grams 1s equal to the molecular weight
of the substance (the Avogadro number).

The determination of this constant had been the object of many
researches in the years immediately receding, beginning with a
notable paper by Einstein.6 Albert instein was born at Ulm in
Wiirttemberg on 14 March 1879. The circumstances of his father’s
business compelled the family to leave Germany ; and after receiving
a somewhat irregular education in Switzerland, he became an
official in the Patent Office in Berne. It was in this situation that
he wrote, in six months, four papers, each of which attracted much
attention.’

The paper now to be considered was really a sequel to two earlier
%apers 8°on the statistical-kinetic theory of heat, in which, however,

instein had only obtained independently certain results which had
been published a year or two earlier by Willard Gibbs. He now

1 Rutherford and T. Royds, Mem. Manchester Lit. and Phil. Soc. liii (31 Dec. 1908),
p. L ; Phil. Mag. xvii (Feb. 1909), p. 281

3’ Nature, bxxix (5 Nov. 1908), p. 12
 That the emission of a-particles is a random process, and so subject to the laws of

probability, seems to have been first clearly stated by E. von Schweidler, Premier Cong.
Internat. pour I'Etude de la Radiologie, Liége, 1905.
¢ Phil. Mag. xx (Oct. 1910), g 698
s Rutherford and Boltwood, Phil. Mag. xxii (Oct. 1911), p. 586
¢ Ann. d. Phys.® xvii (1905), p. 549 continued in Ann. d. Phys. xix (1906), p. 371
7 Two of these will be referred to in Chagter II and one in Chapter 111
s Ann. d. Phys. ix (1902), p. 417 ; xi (1983), p- 170
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applied these results to the motion of very small particles suspended
in a Ihquld. The particles were supposed to be much larggr thzn
21 gllgci(igsle:)fbltl}tx ét Vvvv;tse Ie.iss&med that as a resuét of collisions with the
ey require a random motion, like th
of the molecules of a ga;. The average veloci suspended
particle, even in the case of particlesg large er%l?gflfut?)hbi Sslt’,?rf I;(riliﬁ
a microscope, might be of observable magnitude : but the directi
ofhl‘tshrpotlon would change so rapidly, under the bombardment %rc:
ﬁ ich it would be exposed, that it would not be directly measurable
: owever, as a statistical effect of these transient motions, there would
E(? a resultant motion which might be within the range’ of visibility
instein showed that in a finite interval of time ¢ the mean s .
of the displacement for a spherical particle of radius a is anare

RT:
3mauN

where R is the gas-constant, T the temperature i ¥
number, and p is the coefficient of viscos}i)ty. Th’usN bl; t‘%ysog?ldel;?of
menon the thermal random motion, hitherto a matter of hy gthesi
nngr}ft actually be made a matter of visible demonstration. P >
: he motion of small particles suspended in liquids had been
of served as early as 1828 by Robert Brown * (1773-1858), a botanist
after whom it was called the Brownian motion. Einstein identified the
rpotllor_l stqdled by him with the Brownian motion, somewhat tenta-
tive hln his first paper, but without hesitation in the second.
" e theory of the Brownian motion was investigated almost at
e same time by M. von Smoluchowski ? (1872-1917), and it was
(Ig’onﬁrmed _experimentally by Th. Svedberg,® M. éddig ¢ and
. Langevin.® Particular mention might be made of the experi-
rrfl‘errgtal. sstudles made in 1908-9 by Jean-Baptiste Perrin (1870—1%42)
of aris.® 'These experiments yielded a value of the mean ener.
3 c{l particle at a definite temperature, and thus enabled him %?)’
dp uce the value of Avogadro’s number, which is 6:06 x10%.7 The
1re¥1t confirmation of the kinetic theory provided by these researches
on the Brownian movement was the means of converting to it some
not;:{‘ple former opponents, such as Wilhelm Ostwald and Ernst Mach
he statistical-kinetic theory of heat was confirmed ex eri-
mentally in a different way in 1911 by L. Dunoyer,® who obtafi)ned
a parallel beam of sodium molecules by allowing’ the vapour of

: gh% AMZ§ .1Sy (1828), p. 161
ull. Acad. Sci. Cracovie, vii (1906), p. 577 ; Ann. d. Ph i

s 2S. Elektrochem, xii (1906) R BT W )
3 , Pp. 853, 909 ; ZS. phys. chem. 5 Ixvi
(19(.)9});hp. 75§i Ixvii (1909), p. 249 ; M(IQIO)?p.% pr chem. bev (1905), p. 624 bevi

L ;ﬁ . ix ;19021, p- 465 S Comptes Rendus, cxlvi (1908), p. 503
o s e S (8, oy S O 5 0, 367 oy
r 957), AT . Phys. ( ), p. 5; cf. also R. Fiirth, Ann d. Phys. L
Another method of determining Avogadro’s number is to study the diffusion of

ions in a gas under the influence of an electric force.

A )
Comptes Rendus, clii (1911), p. 592 ; Le Radium, viii (1911), p. 142
9
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heated sodium to pass through two diaphragms pierced with small
holes in an exhausted tube :_the behaviour of the molecular beams
was entirely in agreement with the predictions of the kinetic theory
of gases.

In his statistical studies, Einstein also recognised that the thermal
motion of the carriers of electric charge in a conductor should give
rise to random fluctuations of potential difference between the ends
of the conductor. The effect was t00 small to be detected by the
means then available, but many years later, after the development
of valve amplification, it was observed by J. B. Johnson,! and the
theory was studied by H. Nyquist.> This phenomenon is one of the
causes of the disturbance that is called ¢ noise ’ in valve amplifiers.

We must now return to the consideration of the radio-active
elements themselves. In 1903-5 Rutherford ® identified a number
of members of the radium sequence later than the emanation :
radium A, B and C were known by the summer of 1903, and radium
D, E, F were discovered in the next two years. It was suspected
that one of these later products was identical with the polonium
which had been the first new element found by the Curies, and in
fact polonium was shown to be radium F. One of the most remark-
able discoveries was that of radium B: for at the time no radiations
of any kind could be found accompanying its transformation into
radium C, and there was therefore no direct evidence of its existence :
the only reason for postulating it was, that to suppose an immediate
derivation of radium G from radium A would have violated the
laws of radio-active change laid down in 1902-3; and it was there-
fore necessary to assume the reality of an intermediate body.

As soon as the principle that radio-active elements are derived
from each other in series had been established in 19023, the suspicion
was formed that radium, which is found in nature in uranium Ores,
might be a descendant of uranium ; this conjecture was supported
by the facts that uranium is one of the few elements having a higher
atomic weight than radium, and that the proportion of radium in
pitchblende corresponds roughly with the ratio of activity of radium
and uranium. Soddy* in 1904 described an experiment which
showed that radium 1s not produced directly from uranium : if it
is produced at all, it can only be by the agency of intermediate
substances. Bertram B. Boltwood (1870-1927), of Yale University,®
worked on this investigation for several years, and at last in 1907
succeeded in showing that radium is the immediate descendant of

1 Nature, cxix (1927), p. 50 ; Phys. Rev. xxix (1927), p. 367 3 xxxii (1928), p. 97

The possibility that under certain conditions the thermal motion of electrons in
conductors could create a measurable disturbance in amplifiers had been recognised on
theoretic grounds by W. Schottky, Ann. d. Phys. Ivii (1918), p. 541.

* Phys. Rev. xxxii (1928), p. 110

$ Proc. R.S.(a), bxxiii (22 June 1904), p. 493; Phil. Trans. cciv (Nov. 1904), p. 169
(Bzgislnan lecture) ; Phil. Mag. viii (Nov. 1904), p. 636 ; JNature, lxxi (Feb. {)905),
P-

+ Nature, bxx (12 May 1904), p. 30 s Nature, Ixx (26 May 1904), p. 80
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a new radio-active element whi joni
1tsel{‘ descended from uranium.! ch he mamed tonium, and which is
. }éieis%;f/itr erzlumberdof different radio-active atoms that had now
) raised questions concerning thei i i
particularly with regard to their positi B what s
lar ) position in what wa
tl}é% fe}lgﬁzc Kbée{ olf\‘I the1 ch&emlcal elements. In a paper ;ull;ﬁ(s)}vl\gé ?ri
,John A. R. Newlands 2 had pointed out that i
. when the ch
:ltt(‘,)rrnnc]_:gt‘sN ;gil te;rrte}lrégzc_i }?tchcorldmg to the numerical values o? Htl}lx(;?i
: Lts, ighth element starting from any gi i
;ﬁ) tr:%?rd to its properties, closely akin to ?he first ‘%ifévﬁﬂa (z:Iilehﬁ';
note ¢ a}rll octave in music.” 'This idea he develope’d in later pa gc:r 8
¢ hg the relationship the ‘ Law of Octaves.’¢ He read 211) ape
itn V:aserigéajfcé beforﬁ the Chemical Society on 1 March 1866 'agl?t-
jected, on the ground that the Society had * it 2
not to publish papers of a ly th o] matre et & e
B D h Pape purely theoretical nature, since it wa
espondence of a controversial char ” i
 tc racter.” 5
N llgt;r\gia.nc} s ideas were adopted and developed a few years later
el}ément ri Ivanovich Mendeléev (1834-1907),% who arranged th
cen appsr :)r)xde:rib::éogztco table. F"r}olm gfz‘i%s in this he inferred the eiistenc:
. mic weights of three hitherto unk
to which he gave the nam Sl
0 es eka-boron, eka-alumini :
silicon ; when these were s discononed (the g cka-
ubsequently discovered (th
. . e
l:}rxlgvl\;rérf;disgaggﬁamﬁ gallium and germanium), the (imp}(l)r?;?lcgo&
. ecame universally recognised ; i
gases helium etc., when they w i o Lot s fomert
g ﬁ&sinto T perfe’ctly. y were discovered still later, were found
oo ?51‘:;1 énfizrrlnls)gfseog ats}:; I:}ildito-tactive sequences were discovered
. at two or more of the atoms i .
igrlteﬁgu:g r;alxactlly the same cheml’cal properties, so that theyni)selgln:falcel
fo | instancz p ajgoln Newland’s and Mendeléev’s periodic table
Yor instance, én i 5, O. Hahn, working with Sir William Ramsa ;
at Univer }il c(ij ege, London, discovered ? the parent of thorium Xy
chemicallycafrgm rctzﬁi;)-_t/zonum. ghi; was found to be not separablé
rium ; and Boltwood found is ioni
also was not separable hemi . T s o
a chemically from thorium. It wa
tg’afhthse. lo{uts.sel% and R. Rossi,® working in Rutherford’s labsorsa?t(c))wn
ptical spectrum of ionium is indistinguishable from trlzf,:

! Nature, Ixxvi (26 Sept. 1 . .
xxv (May 1908), p{ 0 Sep 907), p. 544 ; Amer. Fourn. Sci. xxiv (Oct. 1907), p. 370 ;

* Chem. News, x (20 Aug. 18
. ) X g. 1864), p. 94
: %};le;n.g;lgiws, }ml(IB Aug. 1865), p. 83 ; xii (25 Aug. 1865), p. 94
ko 25 E1O! rt)i x(r)x ce- cmﬁnts tI-}Ilehum, Neon, Argon, Krypton, Xenon and Nit
starting from anp gi:ICI‘INOI?; whciZha're E;roduccd into the table, it is the nin(:;zl :i':rsngx(;:
a-&*lo::ijlttig \f{it}i\lthc e ctc.ls akin to the first. We leave aside the complications
. A. R. Newlands, The Periodic Law ;
o5 3 ic Law ; London, E. and F. W
i Ch erzn _é‘ Chfm. v (1869), p. 405; Deutsch. Chem. Gesell. Ber v Slgc;rlx, 2
.» Supplementband, wiii (1873), p. 133 v P 348 dnn.

? Proc, R.8.(a), bxvi (24 May 190,
y 5), p. H ii
¢ o Rl oo £ (Dec.y1912),)’p?4;é5 ;5 Chem. News, xcii (1 Dec. 1905), p. 251

II
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spectrum of thorium. The radio-active properties of the three
substances are, however, totally different, since the half-value period
of thorium is of the order of 10* years, that of ionium is of the order
of 10° years, and that of radio-thorium is 19 years : and the atomic
weights are different : but chemically they are different forms of
the same element.

Curiously enough, the possibility of such a situation had been
suggested so far back as 1886 by Sir William Crookes.? ‘T conceive,
therefore,” he said, ¢ that when we say the atomic weight of, for
instance, calcium is 40, we really express the fact that, while the
majority of calcium atoms have an actual atomic weight of 40,
there are not a few which are represented by 39 or 41, a less number
by 38 or 42, and so on.’

As the investigation of the radio-active atoms progressed still
further, many other examples became known of atoms which are
inseparable by chemical methods but have different radio-active
properties and different atomic weights. Attention was drawn to
the matter in 1909 by the Swedish chemists D. Stromholm and
Th. Svedberg,? and in 1910 by Soddy,? and much experimental work
relating to it was done by Alexander Fleck.*

New light on the problem now came from an unexpected quarter.
Sir Joseph Thomson (he had been knighted in 1908) took up work
on the canal rays,’ or positive rays as he now called them, and devised
a method of ¢ positive-ray analysis’ for finding the values of mfe
for the positively charged particles which constitute the rays; the
method was to shoot the rays through a narrow tube, so as to obtain
a small spot on a phosphorescent screen of a photographic plate,
and to subject them between the tube and the screen to an electric
field and also a magnetic field, so as to deflect the beam of particles,
the electrostatic deflection and the magnetic deflection being perpen-
dicular to each other. He showed that all particles having the same
value for m/e would be spread out by the two fields so as to strike the
screen in points lying on a parabola ; thus, particles of different mass
would give different parabolas. Parabolas were found corresponding
to the atoms and molecules of various gases in the discharge-tube ;
and the atomic weights of the particles could be at once inferred
from measures of the parabolas. On applying this method of positive-

ray analysis to the gas neon, he found ¢ in addition to a parabola
belonging to atomic weight 20, another corresponding to atomic
weight 22. These proved to be, both of them, atoms of neon, but
of different masses. Thomson had in fact discovered two ordinary
non-radio-active atoms having the same chemical behaviour but
different physical characteristics. This result, which was immediately

1 Brit. Ass. Rep., Birmingham, 1886, p. 569

1 28. . Anorg. Chem. 1xd (1909), p: 338 and Ixiii (1909), p. 197

s Chem. Soc. Ann. Rep. (1910), p. 285

+ ¢f. Fleck, Brit. Ass. Rep., Birmingham, 1913, p. 447

s cf. Vol. 1, p. 363 ¢ Proc. R.5.(a), bosxix (1 Aug. 1913), p. 1
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confirmed by Francis William Aston ! (1877-1945) showed
phenomenon of a place in the Newlginds-MendZﬂéev tabltehzgegllg
o§cuple.d by more than one element was not confined to the highest
gaces in the table. Elements which are chemically inseparable
ut have different atomic weights, were named by Soddy isofopes ’
A striking example was furnished when the question as to the
end-product of radio-active changes was solved. Having become
convinced so early as 1905 that the end-product of the radium
fiel?'flsl ‘was not helium, Rutherford sought for some other element to
hil ¢ 13 Igos_mon ; and both he and Boltwood suggested that it might
ed'ea ,* since lead appears persistently as a constituent of uranium-
%z‘lh'lum minerals: it was possible indeed that lead might be radium G
1(5i proved to be correct, and lead was found to be also the final
pfr"(i uct of the thorium series. The atomic weights of these two kinds
?hatea& z:fle not, lioweverZ equal, that of radium lead being 206 and
leackis o 7012'1(1)1;2 ead being 208. (The atomic weight of ordinary
toms obtained by radio-active disintegrations occu i
the periodic table which are determinedgby what arg ycglll?:(aest}llrel
displacement laws, first enunciated in 1913 by A. S. Russell,* K. Fajans ®
(anfgther pupil of Rutherford’s) and F. Soddy,® which rr’lay be stated
il}s1 ollows : a disintegration with emission of an a-particle causes
he a;lom to descend two places in the Newlands-Mendeléev table
c()lf.(;. t,B ; :;grcrlléc g;elghttif diminished) ; a disintegration with emission
- uses the ato i
doe; n?tgi:gaélge scs the at Vr\f:3 ité)heti.scend one place in the table, but
n 1919-20 it was stated by F. W. Aston ? that within the limi
gf eﬁ{perlmental accuracy the masses of all the isotopes exargirrrllét;
y161r'n were expressed by whole numbers when oxygen was taken
as oK the only exception was hydrogen, whose mass was 1-008.
. Fosls&bli methods for separating isotopes were indicated in 1919
: gcce. - Lindemann and F. W. Aston,® but for long no notable
ace Scsl was attained in practice ; in 1932-3, however, two isotopes
of hydrogen were successfully separated by electrolytic methods.?

The i o
Gu:t;?eto]?i:itg_fl neon have been separated by repeated diffusion by

 Brit. Ass. Rep., Birmingham, 1913, p. 403
_ * Rutherford, Radioastivng (second edn.
o (fxrs)'riéc{QOg)r, . gggmcthty (second edn., May 1905), p. 484 ; Boltwood, Phil. Mag.(®)
oddy, Ann. Rep. Chem. Soc., 1913, p. 269 ; Chem. Ne i (28
.Natz.tnéh::f’: (20 March 1913), p. 57 ; Nature, xcviii (15 Feb. 1917) (i deo 1T
¢ Clm. Noas, cyii (31 Jan. 1913), p. 49 T
\ Plos. 28, xiv (15 Feb. 1913, pp. 131 and 136
, J(\:fat . Ne.ws,(i:gnD(ZB Il"cb. 1913), p. 97
Nature, civ ec. 1919), p. 393 ; cv (4 March 19 H 1 XXXIX
(April 1990}, 448 1+ s5id 1, p1 5 cv arc] 20), p. 8; Phil. Mag.
920), p. ; . 920), p. ;
: ghz{;VM&,g. o A (Mg.y( 1915!')), 2 %2§) 611 ; Nature, cv (1 fuly 1920), p. 547
. W. Washburn and H. C. Urey, Proc. Nat. A i, xviii
E. : 'y, Proc. Nat. Acad. Sci. xvi ul ;
(oc‘?.,' 13%%‘3“3“233]35 R. Smith and M’ Frandsen, Bureau (J%Jdcf;rds y].IS(?ZI%;an'rgl%xi
» P- ; G.N. . T. Macdonald, 7. 3 L i 3
p. 341 1 2. f. Phys. Ixxix (1932), p. 108 - Chem. Pigs. 1 (June 1933),
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A new phenomenon in radio-activity was described in 1908 by
Rutherford,! and confirmed later by Fajans® and other workers,
namely that in some cases (e.g. radium G, ﬂ!lorium C and actinium C)
some of the atoms emitted an a-particle, and in the next transforma-
tion a B-particle, while the rest of the atoms reversed the order of
the transformations, emitting first a p-particle and afterwards an
a-particle. This is known as a branching of the series. Rutherford
in his original paper expressed the belief that in this way uranium
might give rise to the actinium family as well as the radium family ;
a conjecture which was afterwards generally accepted as correct.

An account must now be given of some notable advances con-
cerned with X-rays. Charles Glover Barkla (1877-1944), when a
research student under J. J. Thomson at Cambridge, had become
interested in X-rays. In 1902 his work was transferred to Liverpool
University, and there in 1904 he discovered that the rays may be
partly polarised.® In the final dispostion ¢ of his experiments, 2 mass
of carbon was subjected to a strong primary beam of X-rays, and
so became a source of secondary radiation. A beam of this secondary
radiation, propagated in a direction at right angles to that of the
primary, was studied. In this second beam was placed a second mass
of carbon, and the intensities of tertiary radiation proceeding in
directions perpendicular to the direction of propagation of the
secondary beam were observed. The X-ray tube was turned round
the axis of the secondary beam, while the rest of the apparatus was
fixed, and the intensities of the tertiary radiations were observed for
different positions of the tube. It was found that the intensity of the
tertiary radiation was a maximum when the primary and tertiary
beams were parallel, and a minimum when they were at right angles
toeach other, which showed that thesecondaryradiation was polarised.
This result told decidedly in favour of the hypothesis that X-rays
were transverse waves.

Continuing his work on X-rays, Barkla resolved to test a sugges-
tion of J. J. Thomson’s, that the number of electrons in an atom
might be found by observing the amount of the scattering when
X-rays fall on the lighter chemical elements, and comparing it
with the scattering produced when they fall on a single electron.
In 1903 Thomson had already given, in the first edition of his
Conduction of Electricity through Gases,® a theoretical discussion, based
on classical electrodynamics, of the scattering of 2 pulse of electro-
magnetic force by an electron on which it is incident. He found

1 Nature, bexvii (5 March 1908), p. 422
2 Phys. 28, xii (1911), p. 369 ; xiii (1912), p. 699

s Nature, Ixix (17 March 1904), p. 463; Proc. R.S.(a), Ixxiv (1905), p. 474; Phil.

Trans.(a), cciv (1905), p. 467

¢ Proc. R.S.(a), Ixxvii (1906), p. 247

s J, J. Thomson, Conduction of Electricity through Gases, lst edn. (1903), p. 268 ;
2nd edn. (1906), p. 321 ; 3rd edn., Vol. II (1933), p. 256. cf. also J. J. Thomson, Phil.
Mag. xi (1906), p. 769, where he suggested three different methods of determining the
number of electrons in an atom, based respectively on (1) the dispersion of light by
gases, (2) the scattering of X-rays by gases, (3) the absorption of B-rays.
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that the energy radiated by the electron is 8met/3m? times the
linergy passing through unit area of the wave-front of the primary
Team (when the charge ¢ is measured in electromagnetic units).
] hus 1§ 1tt 1shass}12med thalt the electrons, in the chemical element
xposed to the X-rays, all scatter independently, the val
mass-scattering coefficient is P 7 e of the
8r e
3 m?
where 7 is the number of electrons per cm?, an i i
yhere n P , and p is the density.
N =number of molecules in one gram-molecule

Z = number of free electrons per atom
A = atomic weight.

NZ
. number of electrons in one gram ="

P

Then

so the value of the mass-scattering coefficient is

8m ¢ANZ
3 mA’
Barkla ! found experimentally for the mass-scattering coefficient of

the lighter elements (except for hyd . .
would therefore give( pt for hydrogen) a value about 0-2, which

_ 3m2A
40me*N”

The values accepted at the time for the quantities on the ri

side of this equation were inaccurate, anc(i:1 the result deducedghrfa};r?:ld
that there were between 100 and 200 electrons per molecule of airy
was replaced by Barkla in 1911 2 by a much better determination
based on Bucherer’s value for ¢/m, Rutherford and Geiger’s value
for ¢, and Rutherford’s value for N. This gave approximately

Z=1A,

i.e. the number of scattering electrons per atom, for i
elements, is about half the atomic weig}Il)t of the,elemetfllé3 lé}%?éei
in the case of hydrogen, for which Z=1. These results antici até)d
later discoveries in a remarkable way. P

. The secondary X-rays were destined to furnish other contribu-
tlﬁ)ns to atomic physics. In 1906 Barkla ? found that in some cases
, le secondz.iry‘rays consisted mainly of a radiation which differed
altogether in ‘ hardness,” or penetrating power, from the prima
radiation, so that it could not be regarded as the result of ¢ scatteringrx

! Phil. Mag. vii : .
1907), p. 653“.@ vii (May 1904), p. 543. cf. also J. A. Crowther, Phil. Mag. xiv (Nov.

*"Phil. Mag. xxi (May 1911), p. 648 * Phil. Mag. xi (June 1906), p. 812
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He pursued this matter further, with the help of one of his
students, G .A. Sadler, and in 1908 they! found that the secondary
X-rays emitted by a chemical element exposed to a primary beam
of X-rays were of two distinct types :

(i) A scattered radiation, not of great amount, of the same
quality as the primary beam.

(ii) A radiation characteristic of the exposed chemical element,
and almost, if not quite, homogeneous, ie. all of the same degree of
hardness. It was, moreover, emitted uniformly in all directions,
unlike the scattered radiation. This characteristic radiation was

roduced only when the primary X-rays contained a constituent
Earder than the characteristic radiation that was to be excited. (On
this account the characteristic X-rays were often spoken of at the
time as © flourescent.’) Barkla found also that the hardness of the
characteristic radiation increased as the atomic weight of the emitting
chemical element increased.

R. Whiddington * found that the primary rays from an X-ray
tube can excite the radiation characteristic of an element of atomic
weight w only when the velocity of the parent cathode rays exceeds
10% v cm/sec ; when the velocity of the primary rays is less than
this, only a truly ‘scattered’ radiation is emitted, resembling the
primary.

It was found ? that the characteristic secondary radiations may
be divided into several groups, the radiation belonging to each group
becoming more penetrating as the atomic weight of the radiating
element increases ; in other words, each chemical element emits
a line spectrum of X-rays, each line moving to the more penetrating
end of the spectrum as the atomic weight of the element increases.
Two groups which were described in 1909 received the notation K
and L in 1911, and an M-group was found 2a little later4 The K-
series, which is the most penetrating, was found together with the
I-series for elements from zirconium (atomic wt. 90-6) to silver
(atomic wt. 107-88). For elements heavier than silver, the K-series
was difficult to excite, since very great velocities would be required in
the exciting cathode rays : and for elements lighter than zirconium,
the L-series was difficult to observe because it was so easily absorbed.?

It was shown by G. W. C. Kaye ¢ that the radiation characteristic
of a chemical element can be excited not only by exposing it to a

1 Phil. Mag. xiv (Sept. 1907), p. 408: xvi (Oct. 1908), p. 550

* Proc. R.S(a), bexxv (April 1911), p. 323

* Proc. Camb. Phil. Soc. xv (1909), p. 257 ; Barkla and J. Nicol, Nature, Ixxxiv (Aug.
1910), p. 139 « Barkla and V. Collier, Phil. Mag. xxiii (June 1912), p. 987

s ', H. Kiirth, Phys. Rev. xviii (1921), p. 461, found for the convergence wave-lengths
in Angstroms : K-series of carbon, 426, oxygen 23-8 : L-series of carbon, 375, oxygen
248, iroillflsﬁ-?i, copper 12-3 : M-series of iron, 54.3, copper 41-6 : N-series of iron 2417,
copper 116.
¢ Phil. Trans.(a), ccix (Nov. 1908), p. 123. Kaye found that the intensity of general
X.radiation was nearly proportional to the atomic weight of the element forming the
anticathode ; later, W. Duane and T. Schimizu, Phys. Rev. xiv (1919), p. 525, showed
that the intensity is proportional to the atoméc number.

I

H. L. Porter, Proc. R.S.(a), ooy (1911), p. 349
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! Proc. R.S.(a), bxxxvii (Dec. 1912), p. 511

* Proc. R.S.(a), bxxix (1913)
. , p. 314 * Phi i
¢ Phil. Mag. xx (Sept. 1910), p. 385 ; Brit. Ass. Rep. l!;l;ll-,ﬁa%“" %goé)’lgagﬁand

L. Port . ¥ of. Vol. I, p.
of. A. Joffé and N. Dobronrawov, 25. f. P., xxxiy (1925), p. 88901 L p. 359
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Bragg’s conclusions were fully confirmed in 1911-12 by C. T. R.
Wilson,! using his method of cloud-chamber photographs. The
whole of the region traversed by the primary X-ray beam was scen
to be filled with minute streaks and patches of cloud : examining
the photographs more closely, the cloudlets were seen to be small
thread-like objects, consisting of droplets deposited on ions produced
along the paths of the p-particles, which were the actually effective
ionising agents.

In the early part of the twentieth century, many attempts were
made to test the hypothesis that X-rays are waves, by trying to
obtain diffraction-effects with them. In 1899 and 1902 H. Haga
and C. H. Wind 2 of Groningen observed a broadening of the image
of a wedge-shaped slit, an inferred that the wave-length of the
vibrations concerned was of the order of one Angstrom.®? However,
in 1908, when B. Walter and R. Pohl* repeated the experiments,
they found that different times of exposure gave different results
as regards the image, and concluded that the effect was not con-
firmed. In 1912 the question was re-opened when P. P. Koch,?
making a special study of the blackening of photographic plates in
general, re-examined Walter and Pohl’s images, and decided that
here was evidence of genuine diffraction. Thereupon Arnold
J. W. Sommerfeld (1868-1951), Professor at Munich, compared the
results of theory with Koch’s photometric measurements,® and
():l(educed a value of 0-3 Angstroms for the wave-length of the

-rays.

At that time a young student, Peter Paul Ewald (. 1888), who
had just taken his doctorate at Munich, was interested in the
transmission of light through the atomic lattice of a crystal. Some
notion of the dimensions of crystal-lattices could by this time

be formed ; the Avogadro number (the number of molecules in
a number of grams equal to the molecular weight) was known to
be approximately 6 x 10 ; this together with 2 knowledge of the
density and molecular weight of a crystal made it possible to estimate
that the distance apart of the atoms in a crystal was of the order of
10-% cm. or one Angstrom. A junior lecturer in Munich, Max Laue’
(b. 1879), who was 1n contact with Sommerfeld and Ewald, saw that
if the X-rays had a wave-length of the order suggested by Sommerfeld,
then the crystal-lattice had the right dimensions for acting as a
three-dimensional diffraction grating, so to speak, for the X-rays.
He promptly arranged for an experimental test of this idea, which
was carried out by W. Friedrich and P. Knipping ; and a paper

1 Proc. R.S.(A), lxxxv {April 1911), p. 285 5 (&), Ixxxvii (Sept. 1912), p. 277

2 Proc. Amst. Ac. (25 March 1899) (English edn. i, p. 420) and 27 Sept. 1902 (English
edn. v, p. 247). This work was discussed by Sommerfeld, Phys. ZS., i (1899), p. 105
and ii (1900), p. 55. 3 ¢f, Vol. I, p. 367, note 3

¢ Ann. d. P};l)'s. axv (1908), p. 715 ; xxix (1909), p. 331

$ Ann. d. Phys. xocxviil (1912), p. 507 ¢ Ann. d. Phys. xxxviil (1912), p. 473

1 About this time Laue’s father, who was a general in the German Army, received
a title of nobility, so the son was known subsequently as Max von Laue.
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His leading idea (which replaced Laue’s assumption of scattering
at the points of a crystal-grating) was that parallel planes in the
crystal which are rich in atoms can be regarded, taken together,
as a reflecting surface for X-rays ; and experiments with a slip of
mica about a millimetre thick whose surface was a cleavage plane
showed him that the laws of reflection were obeyed when the rays
were incident at nearly glancing angles ; reflection takes place only
when the wave-length A of the rays, the distance d between the
parallel planes in the crystal, and the angle of incidence ¢, are
connected by the relation
nh=2d cos ¢

where 7 is a small whole number. 'This is known as the Bragg law.
His father, continuing the work with him,! devised an X-ray spectro-
meter, the principle of which is to allow monochromatic X-rays to fall
in a fixed direction on a crystal, which is made to turn so that each
plane can be examined in detail : and with this instrument the
arrangement of the atoms in many different crystals was determined.
From this point the study of crystal-structure was developed by the
Braggs with great success over an immense range : the Nobel Prize
for p%lysics was awarded to them in 1915.

The discoveries regarding X-rays led to a better understanding
of the y-rays from radio-active substance. J. A. Gray? established
the similarity in nature of y-rays and X-rays by showing that the
y-rays from RaE excite the characteristic X-radiations (K-series)
of several elements, just as very penetrating X-rays would : and
that the y-rays behave similarly to X-rays (both qualitatively
and quantitatively) in regard to scattering. In 1914 Rutherford and
E. N. da C. Andrade? by methods based on the same principle as
those used by the Braggs and by Moseley and Darwin, measured
the wave-lengths of the y-rays from radium B and C. The wave-
lengths of y-rays are usually less than those of X-rays, being generally
between 0-01 and 0-1 Angstréms.

In the work of Rutherford and Geiger on counting a-particles by
the electric method, carried out in 1908,* some of the difficulties
that had to be overcome were due to the scattering of a-rays in

assing through matter. Geiger made a special study of the scatter-
ing for small angles of deflection, and in 1909 Rutherford suggested
to one of his research students, E. Marsden, an examination of the
possibility of scattering through large angles. As a result of this
suggestion, experiments were carried out by Geiger and Marsden,
which showed 5 that a-particles fired at a thin plate of matter can
be scattered inside the material to such an extent that some of them
emerge again on the side of the plate at which they entered : and

1 Proc. R.S(a), bocxviii (July 1913), p. 428 ; Ixxxix (Sept. 1913), pp. 246, 248 ;
ibid. (Feb. 1914), p. 468 % Proc. R.S.(a), baxxvii (Dec. 1912), p. 489
s Pril. Mag. xxvii (May 1914), p. 854 ¢ of. p.
s Proc. R.SAA), boxxii (July 1909), p. 495 5 hil. Mag. xxv (1913), p. 604
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calculation showed that some of the a-particles must have been
grelgleected at single encounters through angles greater than a right
Now at that time the atom was generally pictured i
suggested by J. J. Thomson in his Silligfnan ICC¥U§CS of 190£1th§1€f%$
then working out the consequences of supposing that the negative
electrons occupy stationary positions in the atom. In order that
the atom as a whole may be electrically neutral, there must be also
a positive charge : and he saw that this could not be concentrated
in positively charged corpuscles, since a mixed assemblage of negative
and positive corpuscular charges could not be in stable equilibrium
He therefore assumed that the positive electrification was uniforml);
distributed throughout a sphere of radius equal to the radius of the
atom as inferred from the kinetic theory of gases (about 10-% cm.) :
Eg:i;lt;(g)etitllvehelectr%ng he supplosed to be situated inside this sphére;
al charge bein i iti
their total ch: g g equal and opposite to that of the positive
In attempting to picture the way in which the negati

would dispose themselves, Thomsonywas guided by so;gne :;szlx?lirtg;:g
with magnets which had been made many years earlier by Alfred
Marshall Mayer of the Stevens Institute of Technology, Hoboken.?
Mayer magnetised a number of sewing-needles with their points of
the 'same polarity, say south. Each needle was run into a small
cork, of such a size that it floated the needle in an upright position
the eye end of the needle just coming through the top of the cork.
If three of these vertical magnetic needles are floated in a bowl of
water, and the north pole of a large magnet is brought down over
them, the mutually reﬁellent needles at once approach each other,
and finally arrange themselves at the vertices of an equilaterai
triangle. With four needles a square is obtained, with five either a
regular pentagon or (a less stable configuration) a square with one
needle at its centre, and so on. The under-water poles of the
floating needles, and the upper pole of the large magnet, were
regarded as too far away to exert any appreciable influence ’so the
problem was practically equivalent to that of a number of south
poles in presence of a single large north pole.

_ Thomson examined theoretically the problem of the configura-
tions assumed by a small number of negative electrons inside a
sphere of positive electrification, and found that when the number
of electrons was small, they disposed themselves in a regular arrange-
ment, all being at the same distance from the centre ; but when
the number of electrons was increased, they tended to arrange
themselves in rings or spherical shells, and that the model imitated
many of the known properties of atoms, articularly the periodic
changes with increase of atomic weight wE.ich are set fortfll3 in the

* Published as Electrici i : i

p- 237, and for an cartltiréil?néﬁilf‘%g:{i 112(}1?7?:, P}::zt; %‘l'g?;liliozlll;%%’) ,P 3112?/71% Vi (1904),

% Phil. Mag.(5) v (1878), p. 397 ; & vii (1879), p. 98

996,
#95) 21 3



AETHER AND ELECTRICITY

Newlands-Mendeléev table. If one of the electrons were displaced
slightly from its position of equilibrium, it would be acted on by a
restitutive force proportional to the displacement. This was a most
desirable property, since it was just what was required for an
electronic theory of optical dispersion and absorption ; and, more-
over, it would explain the monochromatic character of spectral lines :
but in no way could Thomson’s model be made to give an account
of spectral series.!

A model atom alternative to Thomson’s had been proposed in
the same year (1903) by Philipp Lenard 2 (1862-1947) of Kiel, who
observed that since cathode-ray particles can penetrate matter,
most of the atomic volume must offer no obstacle to their penetration,
and who designed his model to exhibit this property. In it there
were no electrons and no positive charge separate from the electrons :
the atom was constituted entirely of particles which Lenard called
dynamides, each of which was an electric doublet possessing mass.
All the dynamides were supposed to be identical, and an atom
contained as many of them as were required to make up its mass.
They were distributed throughout the volume of the atom, but their
radius was so small (<0-3 x 10-1* cm.) compared with the radius
of the atom, that most of the atomic volume was actually empty.
Lenard’s atom, however, never obtained much acceptance, as no
evidence could be found for the existence of the dynamides.

The deflection of an a-particle through an angle greater than a
right angle was clearly not explicable on the assumption of either
Thomson’s or Lenard’s atom ; and Rutherford in December 1910
came to the conclusion that the phenomenon could be explained
only by supposing that an e-particle occasionally (but rarely)
passed through a very strong electric field, due to a charged nucleus
of very small dimensions in the centre of the atom. This was con-
firmed a year later by C. T. R. Wilson’s photographs * of cloud-
chamber tracks of a-particles which showed violent sudden deflections
at encounters with single atoms.

Thus Rutherford was led to what was perhaps the greatest of
all his discoveries, that of the structure of the atom ; the first account
of his theory was published in May 1911.5 He found that if a
model atom were imagined with a central charge concentrated within
a sphere of less than 3 x 10-12 cm. radius, surrounded by electricity
of the opposite sign distributed throughout the rest of the volume
of the atom (about 10-% cm. radius), then this atom would satisfy
all the known laws of scattering of a- or B-particles, as found by
Geiger and Marsden. The central charge necessary would be Ne,

1 See, however, an attempt by K. F. Herzfeld, Wien Ber. cxxi, 2a (1912), p. 593

* Ann. d. Phys. xii (1903), p. 714, at p. 736

* The term nucleus for the central charge seems to have been used first in Rutherford’s
book Radioactive Substances and their Radiations, which was published in 1912.

¢ Proc. R.S.(a), bocvii (Sept. 1912), p. 279

s Phil, Mag. xxi (May 1911), p. 669 ; xxvii (1914), p. 488. For an anticipation that
the atom might prove to be of this type, cf. H. Nagaoka, Phil. Mag. vii (1904), p. 445.
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where ¢ is the electronic charge, and N is a number equal to about
half the atomic weight. This fitted in perfectly with the discovery
already made by Barkla,! that the number of scattering electrons
per atom is (for the lighter elements, except hydrogen) about half
the atomic weight : for the positive central charge, and the negative
charges on the electrons in the space around it, must exactly neutralise
each other.

Thus the Rutherford atom is like the solar system, a small
positively charged nucleus in the centre, which contains most of
the mass of the atom, being surrounded by negative electrons
moving around it like planets, at distances of the order of 10-# cm.
Occasionally an a-particle passes near enough to unbind and detach
an electron and thus ionise the atom : still more infrequently (only
about one a-particle in ten thousand, even in the case of heavy
elements) the a-particle may come so close to the nucleus as to
experience a violent deflection, due to the electrical repulsion between
them. The encounters were studied mathematically by C. G.Darwin 2
(b. 1887), who found a satisfactory agreement between theory and
experiment, and showed that Geiger and Marsden’s results could
not be reconciled with any law of force except the electrostatic law
of the inverse square, which is obeyed to within 3 x 10-2 cm. of the
centre of the atom.

Rutherford now laid down the principle® that the positive
charge on the nucleus (or the number of negative electrons) is the
fundamental constant which determines the chemical properties
of the atom : this fact explains the existence of isotopes, which
have the same nuclear charge but different nuclear masses, and
which have the same chemical properties. He pointed out also
that gravitation and radio-activity, being unaffected by chemical
changes, must depend on the nucleus. His old discovery, that the
a-particle is a doubly ionised atom of helium, was now reformulated
in the statement, that the a-particle, at the end of its track, captures
two electrons (one at a time), and thus becomes a neutral helium
atom ; he suggested, moreover, that the nucleus of the hydrogen
atom might actually be the ¢ positive electron.” It was seen that the
hydrogen nucleus differed from the negative electron not only in the
reversal of sign of its charge, but also in having a much greater
mass—in fact, almost all the mass of the hydrogen atom *; and at
the Cardiff meeting of the British Association in 1920, Rutherford
proposed for it the name proton, which has been universally accepted.

A proposal for removing the uncertainty which still remained as
to the precise amount of the nuclear charge was made in 1913 by

: ct.p. 15 2 Phil. Mag. xxvii (March 1914}, p. 499
lgﬂ)Natu;g,gxcu (Dec. 1913), p. 423 ; Phil. Mag. xxvi (Oct. 1913), p. 702 ; xxvii (March
2 P. -
* Poincaré in his St. Louis lecture of 1904 had said (Bull. des Sci. Math. xxviii (1904),

. P 302) ¢ The mass of a body would be the sum of the masses of its positive electrons,

negative electrons not counting.’
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A. van der Broek ! of Utrecht. He remarked that when a-particles
are scattered by a nucleus, the amount of scattering per atom,
divided by the square of the charge in the nucleus, must be constant.
As Geiger and Marsden had shown, this condition is roughly satisfied
if the nuclear charge is assumed to be proportional to the atomic
weight ; but van der Broek now pointed out that it would be satisfied
with far greater accuracy if the nuclear charge were assumed to be

roportional to the number representing the place of the element
in the Newlands-Mendeléev periodic table. He suggested, therefore,
that the nuclear charge should be taken to be Ze, where ¢ is the
electronic charge (taken positively) and Z is the ordinal number
of the element in the periodic table.

This suggestion received a complete confirmation from experi-
ments performed in Rutherford’s laboratory at Manchester by Hlénry
Gwyn-Jeffreys Moseley ? (5. 1887, killed at the Suvla Bay landing
in the Dardanelles, 10 August 1915) in continuation of the work
which he and Darwin had been carrying on together. Moseley
exposed the chemical elements, from calcium to nickel, as anti-
cathodes in an X-ray tube, so that under the bombardment of
cathode-rays they emitted their characteristic X-ray spectra, con-
sisting essentially of two strong lines (the K- and L-lines) *; and
the wave-lengths of these lines were determined by the crystal
method. Taking either of these lines and following it from element
to element, he found that the square root of its frequency increased
by a constant quantity as the transition was made from any element
to the next higher element in the periodic table ; so that the fre-
quency was expressible in the form £(N—a)?, where £ was an absolute
constant, N was the ‘atomic number’ or place in the periodic
table, and a was a constant which had different values for the K- and
L-lines. So there must be in the atom a fundamental number, which
increases by unity as we pass from one element to the next in the
periodic table ; and, having regard to the results of Rutherford,
Geiger, Marsden and van der Broek, this quantity can only be the
amount of the nuclear charge, expressed in electron-units. Thus
the number of megative electrons which circulate round the nucleus of an atom
of a chemical element is equal to the ordinal number of the element in the
periodic table.

Two incidental results of Moseley’s work on X-ray spectra must
be mentioned. It now became clear that the atomic numbers of
iron, cobalt and nickel must be respectively 26, 27, 28, thus con-
firming the opinion, already suggested by chemical considerations,
that cobalt should have a lower place in the periodic table than

1 Phys, 28. xiv (1913), p. 32 ; Nature, xcii (27 Nov. 1913), p. 372; xcii (25 Dec. 1913),
p. 476 5 Phil. Mag. xxvii (March 1914), p. 435

* Phil. Mag. xxvi (Dec, 1913), p. 1024 ; xxvii (April 1914), p. 703. Moseley left
Manchester for Oxford at the end of 1913, and completed his work there. cf. his obituary
notice in Proc. R.S.(A), xciii (1917), p. xxii.

3 ¢f. p. 16. Actually each of these lines is a multiplet.
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nickel, although it has a higher atomic weight; and the vexed
questions of the number of elements in the group of the rare earths,
and of missing elements in the periodic table, could also be settled,
since it was now known what the X-ray spectra of these elements
must be.! Some predictions which had been made by the Danish
cltl)izmlst, Julius Thomsen (1826-1909) were now verified in a remark-
able way.

Thus Rutherford, with the help of the young men in his research
school—Geiger, Marsden, Moseley and Darwin —created a definite
?uartlutatéve t(lileory_ f(;rfi‘ the atom, lending itself to mathematical

reatment, and satisfying every comparison with experiment.
has been the foundation <g)f all II.Zter wgrk. P It

During the years 1914-18 Rutherford was occupied chiefly with
matters connected with the war : but in 1919 he made a contribu-
tion ® of the highest im({)ortance to atomic physics. It originated
from an observation made by Marsden, who had shown 4 that when
an e-particle collides with an atom of hydrogen, the hydrogen atom
may be set in such swift motion that it travels (nearly in the direction
of the impinging particle) four times as far as the colliding a-particle,
and that it may be detected by a scintillation produced on a zinc
sulghuje screen. Rutherford now showed, by measurements of
deflections in magnetic and electric fields, that these scintillations
were due to hydrogen atoms carrying unit positive charge, in other
w<ilrd§, to hydrogen nuclei, or protons as they soon came to be
called.

He next bombarded dry air, and nitrogen, with a-particles, and
again found scintillations at long range. The similarity in behaviour
of the particles obtained from nitrogen to those previously obtained
from the hydrogen led him to suspect that they were identical, i.e.
that the long-range particles obtained by bombarding nitrogen with
a-particles were actually hydrogen nuclei. The general idea now
presented itself, that some of the lighter atoms might be actually
disintegrated by a collision with a swift a-particle : going beyond
the earlier discovery that an a-particle might be deflected through
a large angle by a close collision with a nucleus, he now came to
the conclusion that on still more rare occasions (say one a-particle
in half a million) it might break up the nucleus. The phenomenon
was found to occur markedly with nitrogen, but not with dry oxygen.

In the summer of 1919 Rutherford succeeded J. J. Thomson as
the Cavendish Professor of Physics at Cambridge. Continuing his
experiments there, he succeeded in proving definitely that the

! For individual elements the nuclear charges were found directly by J. Chadwick
(Phil. Mag. x1 (1920), p. 734) by experiments on the scattering of panils };f] a-rays. WI-(I:is
results agreed with those deduced from Moseley’s law of X-ray spectra. Practically all
of the eclements which have been discovered since Moseley’s day, and which fill' the
gaps that then existed in the periodic table, have been identified by the study of their
characteristic X-ray spectra.

* And Bohr, whose work will be described in a later chapter

® Phil. Mag. xxxvii (June 1919), p. 537 ¢ Phil. Mag. xxvii (May 1914), p. 824
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nitrogen atom can be disintegrated by bombarding it with a-particles.*
As P. M. S. Blackett (b. 1897) showed, the tracks of the particles
could be seen in the Wilson cloud-chamber. Since the nitrogen
nucleus, of charge 7 electronic units, captures the 'a-partlclg, of
charge 2, and expels the proton, of charge 1, the particle obtained
by the transformation must have charge 8, that is, it must be the
nucleus of an isotope of oxygen. Since the nitrogen nucleus has
mass 14, the captured e-particle has mass 4, .and the expelled
proton has mass 1, it follows that the oxygen isotope must have
mass 17.

In 1921 Rutherford and J. Chadwick (5. 1891) found*® that
similar transformations could be produced in boron, fluorine,
sodium, aluminium and phosphorus: and other elements were
later added to the list. In each case the a-particle was captured
and a swift proton was ejected, while a new nucleus of mass three
units greater and charge one unit higher was formed. Thus the
medieval alchemist’s dream of the transmutation of matter was
realised at last.

Rutherford died at Cambridge on 19 October 1937, and was
buried in Westminster Abbey near the graves of Newton and Kelvin.
He was survived by his old teacher J. J. Thomson, who had in 1918
been elected Master of the great foundation of which he had been
a member uninterruptedly since 1875. L

“ How fortunate 1 have been throughout my life !’ Thomson
wrote, near the end of it, ¢ I have had good parents, good teachers,
good colleagues, good pupils, good friends, great opportunities, good
Tuck and good health.” He lived to be eighty-three, dying at Trinity
Lodge on 30 August 1940, and was buried on 4 September in the
Abbey.

1 1i , p. 374 ; Engineering, cx (17 Sept. 1920), p. 382
(a paf:gorc‘rcl:.g'ig);h)écgiit(igl?lkiggg)tiog at its Carﬁiff mcgcting)(; Proc. Rhys. Soc. xxxiil

(Aug. 1921), p. 389
2" Nature, cvii (10 March 1921), p. 41
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Chapter II

THE RELATIVITY THEORY OF POINCARE
AND LORENTZ

At the end of the nineteenth century, one of the most perplexing
unsolved problems of natural philosophy was that of determining
the relative motion of the earth and the aether. Let us try to present
the matter as it appeared to the physicists of that time.

According to Newton’s First Law of Motion, any particle which
is free from the action of impressed forces moves, if it moves at all,
with uniform velocity in a straight line. But in order that this state-
ment may have a meaning, it is necessary to define the terms straight
line and uniform velocity ; for a particle which is said to be ‘ moving
in a straight line’ in a terrestrial laboratory would not appear to
be moving in a straight line to an observer on the sun, since he would
perceive its motion compounded with the earth’s diurnal rotation
and her annual revolution in her orbit. We can, however, define
a straight line with reference to a system of axes Oxyz as the geometrical
figure defined by a pair of linear equations between x, y, z; and
we can assert as a fact of experience that certain systems of axes
Oxyz exist such that free particles move in straight lines with reference
to them. Moreover, we can assert that there exist certain ways
of measuring time such that the velocity of free particles along their
rectilinear paths is uniform. A set of axes in space and a system
of time-measurement, which possess these properties, may be called
an inertial system of reference.

In Newtonian mechanics, if S is an inertial system of reference,
and if 8’ is another system such that the axes 0'x’y’z’ of S’ have any
uniform motion of pure translation with respect to the axes Oxyz
of §, and if the system of time-measurement is the same in the two
cases, then S’ is also an inertial system of reference : the Newtonian
laws of motion are valid with respect to S’ just as with respect to S.
No one inertial system of reference could be regarded as having
a privileged status, in the sense that it could properly be said to
be fixed while the others were moving. Newtonian mechanics
does not involve the notion of the absolute fixity of a point in
space.

The laws of Newtonian dynamics thus presuppose the knowledge
of a certain set of systems of reference, which is necessary if the laws
are to have any meaning. In the nineteenth century many physicists
ln%ulred how this set of systems of reference should be described and
defined. When Carl Neumann (1832-1925) was appointed professor

of mathematics at Leipzig in 1869, he devoted his inaugural
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lecture ! to the question, and introduced the name The Body Alpha
for these systems of reference collectively.. W. Thomson (Kelvin) and
P. G. Tait in their Treatise on Natural Philosophy ® suggested as a basis
for specifying the Body Alpha that the centre of gravity of all matter
in the universe might be considered to be absolutely at rest, and that
the plane in which the angular momentum of the universe round
its centre of gravity is the greatest, might be regarded as fixed in
direction in space. Other writers proposed that the Body Alpha should
be based on the system of the fixed stars, or the aggregate of all the
ies in existence.? )

bOdIn the latter part of the nineteenth century the doctrine of the
aether, which was justified by the undulatory theory of light, was
generally regarded as involving the concepts of rest and motion
relative to the aether, and thus to afford a means of specifying absolute
position and defining the Body Alpha. _Suppose, for instance, that
a disturbance is generated at any point in free aether : this disturb-
ance will spread outwards in the form of a sphere : and the centre
of this sphere will for all subsequent time occupy an unchanged
position relative to the aether. In this way, or in many other ways,
we might hope to determine, by electrical or optical experiments,
the velocity of the earth’s motion relative to the aether.

In the first years of the twentieth century this problem was
provoking a fresh series of experimental investigations. The most
interesting of these was due to FitzGerald* who, shortly before his
death in February 1901, commenced to examine the phenomena
exhibited by a charged electrical condenser, as it is carried through
space by the terrestrial motion. When the plane of the cor'lc:lens,er
includes the direction of the aether-drift (the ¢ longitudinal position ),
the moving positive and negative charges on 1ts two plates will be
equivalent to currents running tangentially in opposite directions in
the plates, so that a magnetic field will be set up in the space between
them, and magnetic energy must be stored in this space : but when
the plane of the condenser is at right angles to the terrestrial motion
(the ¢ transverse position ’), the e uivalent currents are in the normal
direction, and neutralise each other’s magnetic action almost com-
pletely. FitzGerald’s original idea was that, in order to supply the
magnetic energy, there must be a mechanical drag on the condenser
at the moment of charging, similar to that which would be produced
if the mass of a body at the surface of the earth were suddenly to
become greater. Moreover, the co-existence of the electr;csand
magnetic fields in the space between the plates would entail * the

1 blished as a booklet of 32 pages, Diz Principien der Galilei-Newton’schen
Theon{:f Egg;?gs {)5?7035. CH:s returned to the matter in 1904, in the Festschrift Bolizmann
(Leipzig, 1904), p. 252.

* New edition, Cambridge 1890, Vol. I, p. 241 L. )

s An account of these suggestions is given by G. Giorgi, Palermo Rend., xxxiv (1912),

. 301. o
P FitzGerald’s Scientific Writings, p. 557 ; cf. Larmor, ibid., p. 566
¢ cf. Vol. I, p. 318 3
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existence of an electromagnetic momentum proportional to their
vector-product. This momentum is easily seen to be (with sufficient
approximation) parallel to the plates, and so would not in general
have the same direction as the velocity of the condenser relative to
the aether : thus the change in the situation in one second might be
represented by the annihilation of the momentum existing at the
beginning of the second and the creation of the momentum (equal
and parallel to it) existing at the end of the second. But two equal
and oppositely-parallel momenta at a distance apart constitute an
angular momentum : and we may therefore expect that if the
condenser is freely suspended, there will in general be a couple
acting on it, proportional to the vector-product of the velocity of the
condenser and the electromagnetic momentum. This couple would
vanish in either the longitudinal or the transverse orientation, but
in intermediate positions would tend to rotate the condenser into
the longitudinal position; the transverse position would be one
of unstable equilibrium.

For both effects a search was made by FitzGerald’s pupil F. T.
Trouton * ; in the experiments designed to observe the turning
couple, a condenser was suspended in a vertical plane by a fine wire,
and charged. The effect to be detected was small : for the magnetic
force due to the motion of the charges would be of order (w/c), where
w denotes the velocity of the earth : so the magnetic energy of the
system, which depends on the square of the force, would be of order
Ew/c)zz and the couple would likewise be of the second order in

w/c).

No effect of any kind could be detected,? a result whose explana-
tion was rightly surmised by P. Langevin? to belong to the same
order of ideas as FitzGerald’s hypothesis of contraction.

It may be remarked that the existence of the couple, had it been
observed, would have demonstrated the possibility of drawing on
the energy of the earth’s motion for purposes of terrestrial utility.

The FitzGerald contraction of matter as it moves through the
aether might conceivably be supposed to affect in some way the
optical properties of the moving matter : for instance, transparent
substances might become doubly refracting. Experiments designed
to test this supposition were performed by Lord Rayleigh ¢ in 1902
and by D. B. Brace in 1904,5 but no double refraction comparable
with the proportion (w/c)? of the single refraction could be detected.
The FitzGerald contraction of a material body cannot therefore be
of the same nature as the contraction which would be produced in
the body by pressure, but must be accompanied by such concomitant

t Trans. Rqoy. Dub. Soc., vii (1902), p. 379 ; F. T. Trouton and H. R. Noble, Phil.
Trans. ccii (1903), p. 165

* This negative result was confirmed in 1926 by R. Tomaschek, Ann. d. Phys. Ixxviii
(1932762, p. 743 and Ixxx (1926), p. 509 ; and by C. T. Chase, Phys. Rev. xxwiii (1926),
p. 378.

3 Comptes Rendus, cxl (1905), ? 1171
¢ Phil. Mag. iv (1902), p. 678 s Phil. Mag. vii (1904), p. 31
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changes in the relations of the molecules to the aether, that an
isotropic substance does not lose its simply refracting character.

Even before the end of the nineteenth century, the failure of so
many promising attempts to measure the velocity of the earth
relative to the aether had suggested to the penetrating and original
mind of Poincaré a new possibility. In his lectures at the Sorbonne
in 1899,! after describing the experiments so far made, which had
yielded no effects involving either the first or the second powers of
the coefficient of aberration (i.e. the ratio of the earth’s velocity to
the velocity of light), he went on to say,? ¢ I regard it as very probable
that optical phenomena depend only on the relative motions of the
material bodies, luminous sources, and optical apparatus concerned,
and that this is true not merely as far as quantities of the order of
the square of the aberration, but rigorously.’ In other words, Poincaré
believed in 1899 that absolute motion is indetectible in principle, whether
by dynamical, optical, or electrical means.

In the following year, at an International Congress of Physics
held at Paris, he asserted the same doctrine.? ¢ Our aether,” he said,
“ does it really exist ? I do not believe that more precise observations
could ever reveal anything more than relative displacements.” After
referring to the circumstance that the explanations then current for
the negative results regarding terms of the first order in (w/c) were
different from the explanations regarding the second order terms,
he went on, ‘ It is necessary to find the same explanation for the
negative results obtained regarding terms of these two orders:
and there is every reason to suppose that this explanation will then
apply equally to terms of higher orders, and that the mutual destruc-
tion of the terms will be rigorous and absolute.” A new principle
would thus be introduced into physics, which would resemble the
Second Law of Thermodynamics in as much as it asserted the
impossibility of doing something : in this case, the impossibility of
determining the velocity of the earth relative to the aether.*

In a lecture to a Congress of Arts and Science at St Louis, U.S.A.,
on 24 September 1904, Poincaré gave to a generalised form of this
principle the name, The Principle of Relativity.® * According to the
Principle of Relativity,” he said, ¢ the laws of physical phenomena
must be the same for a “ fixed ’ observer as for an observer who
has a uniform motion of translation relative to him : so that we have
not, and cannot possibly have, any means of discerning whether we
are, or are not, carried along in such a motion.” After examining
the records of observation in the light of this principle, he declared,

' Edited by E. Néculcéa, and printed in 1901 under the title Electricité et Optique,
Paris, Carré et Naud. 2 loc. cit., p. 536

3 Rapports présentés au Congrés International de Physique réuni a Paris en 1900 (Paris,
Gauthier-Villars, 1900), Tome I, p. 1, at pp. 21, 22

¢ In April 1904 Lorentz asserted the same general principle : cf. Versl. Kon. Akad.
2. Wet., Amsterdam, DL. xii (1904), p. 986 ; English edn. (dmst. Proc.), vi (1904), p. 809.

% This address appeared in Bull. des Sc. Math.(2) xxviii (1904), p. 302 ; an English
translation by G. B, Halsted was published in The Monist for January 1905.
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‘From all these results there must arise an entirely new kind of
dynamics, which will be characterised above all by the rule, that no velocity
can exceed the velocity of light.

We have now to see how an analytical scheme was devised which
enabled the whole science of physics to be reformulated in accordance
with Poincaré’s Principle of Relativity.

That Principle, as its author had pointed out, required that
observers who have uniform motions of translation relative to each
other should express the laws of nature in the same form. Let us
consider in particular the laws of the electromagnetic field.

Lorentz, as we have seen, had obtained the equations of a moving
electric system by applying a transformation to the fundamental
equations of the aether. In the original form of this transformation,
quantities of order higher than the first in (w/c) were neglected.
But in 1900 Larmor 2 extended the analysis so as to include quantities
of the second order. Lorentz in 1903 went further still,® and obtained
the transformation in a form which is exact to all orders of the
small quantity (w/c). In this form we shall now consider it.

The fundamental equations of the aether in empty space are

divd=0, ccurld=_.?.l_1
ot

divh=0, ccurl h= 6_d
ot

It is desired to find a transformation from the variables ¢, x, y, z,
d, b, to new variables ¢, x;, 31, 21, di, hy, such that the equations in

terms of these new variables may take the same form as the original
equations, namely

div, d, =0, ¢ curl, d;= _oh,
o

div, b, =0, courl b= i
7

Evidently one particular class of such transformation is that which
corresponds to rotations of the axes of co-ordinates about the origin
These may be described as the linear homogeneous transformations
of determinant unity which transform the expression (x?+y*+ z?)
Into itself. It had, however, already become clear from Lorentz’s
earlier work that some of the transformations must involve not only

! of. Vol. I, p. 406. cf. also Lorentz, Proc. Amst. Acad. (English edn.), i (1899),

. P. 427

: Larmor, Aether and Matter (1900), p- 173
Proc. Amst. Acad. (English edn.), vi (1903), p. 809
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x, 9, 2, but also the variable £t So (guided by the approximate
formulae already obtained) he now replaced the condition of
transforming (x*+y*+2z?) into itself, by the condition of transform-
ing the expression (x?+3*+2*—c*t?) into itself; and, as we shall
now show, he succeeded in proving that the transformations so
obtained have the property of transforming the differential equations
of the aether in the manner required.

We shall first consider a transformation of this class in which
the variables » and ¢ are unchanged. The equations of this trans-
formation may easily be derived by considering that the equation
of the rectangular hyperbola

o —(ct)?=1

(in the plane of the variable x, cf) is unaltered when any pair of
conjugate diameters are taken as new axes, and a new unit of length
is taken proportional to the length of either of these diameters.
The equations of transformation thus obtained are

ct=ct, cosh a+x, sinh a

x=2x, cosh a+ct sinh a )
J=Nh

2=z

where @ denotes a constant parameter. The simpler equations
greviously given by Lorentz ? may evidently be derived from these
y writing w=c¢ tanh a, and neglecting powers of (w/c) above the
firsst. It will be observed that not only is the system of measuring
the abscissa x changed, but also the system of measuring the time £ :
the necessity for this had been recognised in Lorentz’s original
memoir by his introduction of ‘ local time.’
Let us find the physical interpretation of this transformation (1).
If we consider the point in the (f, %, yi, i) system for which
x1, %1, 21 are all zero, its co-ordinates in the other system are given
by the equations

t=t, cosh a, x=cl, sinh «q, y=0, z=0,
80

x=ct tanh a, =0, z2=0.
Thus if we regard the axes of (%, 1, 21) and the axes of (x, y, ) as
two rectangular co-ordinate systems in space, then the origin of the

(%1, 71, 21) system has the co-ordinates (¢t tanh @, 0, 0), that is to
1 Larmor, Aether and Matter (1900), in commenting on the FitzGerald contraction,

had recognised that clocks, as well as rods, are affected by motion : a clock moving
with velocity o relative to the aether must run slower, in the ratio

\/(1-';—:): L
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say, the origin of the (xi, y1, 1) system moves with a uniform velocity
¢ tanh o along the x-axis of the (x, y, z) system. Thus if w is the
relative velocity of the two systems, we have

cosh a =( - Ez).-12‘, sinh a= w ( - w’)—%
¢

c? F ]

and Lorentz’s transformation between their co-ordinates may be
written

R =2X1e

In this transformation the variable x plays a privileged part, as
compared with y or z.  We can of course at once write down similar
transformations in which y or z plays the privileged part; and we
can combine any number of these transformations performing
them in succession. The aggregate of all the transformations so
obtained, combined with the aggregate of all the rotations in ordinary
space, constitutes a group, to which Poincaré?! gave the name the
group of Lorentz transformations.

By a natural extension of the equations formerly given by
Lorentz for the electric and magnetic forces, it is seen that the
equations for transforming these, when (¢, x, ¥, ) are transformed
by equations (1), are

dr = dn hy=hn

dy=dy1 cosh a+ha sinh a hy=hy1 cosh a—dx sinh « (2)

d:=dx cosh a—hy, sinh a k.= ks cosh a+ dy sinh a.

When the original variables are by direct substitution replaced
by the new variables defined by (1) and (2) in the fundamental
differential equations of the aether, the latter take the form

div, d, =0, ccurly d, = _oh,
oty
div, h, =0, ¢ curl, by~
oty

that is to say, the fundamental equati ] ]
4 quations of the acther retain their form
unaltered, when the variables (8, x, y, z) are subjected to the LoJr:ntz

* Comptes Rendus, cxl (5 June 1905), p. 1504. It should be added that th
formations had been aﬁ lx;;i to ‘t*hlc equation of vibratory motions many ya;,am %s:f;;: rll)s;
> P-4l
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transformation (1), and at the same time the electric and magnetic infensiiies

iected ot the transformation (2). o .
i ~'%i){eecf(;ct that thefelectric and magnetic intensities unfglergc;tit(})l;
transformation (2) when the co-o}x;dinz}xltes undf(;rgo tlt;g I:rz%si(s)?glmiliar

i i hether the transiorma
(1), raises the question as to w.  he ormation (2) 1o s

in other connections. That this 1s so may )
to uISn1r11§(§8—9 J. Plicker and A. Cayley introduced into georr;eztl?é
the notion of line co-ordinates ; if (xo, %1, X2, x5) and ( "yoilyli' yze, Ys are
the tetrahedral co-ordinates of two points of a straight line p,
if we write

XmPn — XnJm = Pmn,

then the six quantities

Pou p02, Pos, Pza, pal, Pm

are called the line-co-ordinates of p.
Now suppose that the transformation

xo=1% o cosh a+x's sinh a

R
x,=x1 cosh a+x sinh a 3)
/
x2=x2
’
X3=X 3

i ns-
is performed on the co-ordinates (X05 %15 Xay X3)5 and the sar)ne t’ﬁx -
formation is performed on the co-ordinates (Yo, Y15 J2s Js)e

we have
=XoJ1— X ’ .
Pol___ (;}’;; cosl'}foa-kx'l sinh @) ()1 cosh a+y'% sinh a) ' sinh
— (', cosh a+#"g sinh a) ()% cosh a+y sin
=x,0y’1_x’1y’o

=P o1

and in the same way we find
p02=p102 COSh (1+p:12 S}nh a
p03 =p,03 COSh a "p 31 Slnh a
Des =p,23 ..
p31 =p,31 COSh a —“p,o:; Sl.nh a
p12=p’12 COSh a—i—p 02 Slnh a.

But these equations of tran
same as the equati ) '
magnetic intensities, provided we write

b= dZ, Poz= dy, Pos= dZ, Daa= hr, Par= hy, pia= he.

The line-co-ordinates of a :
like the six components of the electric an
only for the particular Lorentz
general Lorentz transformation. >

sformation of the p’s are precisely thf,1
:ons of transformation (2) of the electric an

line have this property of transforming
d magnetic intensities not
transformation (1) but for the most
A set of six quantities which trans-
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form like the line-co-ordinates of a line when the co-ordinates are
subjected to any Lorentz transformation whatever, is called a six-
vector. Thus we may say that the quantities (dz, dy, dv, hz, hy, k)
constitute a six-vector.r In the older physics, d was regarded as a vector,
and h as a distinct vector : but if an electrostatic system (in which
d exists but h is zero) is referred to axes which are in motion with
respect to it, then the magnetic force with respect to these axes will
not be zero. The six-vector transformation takes account of this
fact, and furnishes the value of the magnetic force which thus appears.

We see, therefore, that in electromagnetic theory, as in Newtonian
dynamics, there are inertial systems of co-ordinate axes with associated
systems of measurement of time, such that the path of a free material
particle relative to an inertial system is a straight line described with
uniform velocity, and also that the equations of the electromagnetic
field relative to the inertial system are Maxwell’s equations, and
any system of axes which moves with a uniform motion of translation, relative
to any given inertial system of axes, is itself an inertial system of axes, the
measurement of time and distance in the two systems being connected by a
Lorentz transformation.  All the laws of nature have the same form in the co-
ordinates belonging to one inertial system as in the co-ordinates belonging to any
other inertial system. No inertial system of reference can be regarded
as having a privileged status, in the sense that it should be regarded
as fixed while the others are moving : the notion of absolute fixity
in space, which in the latter part of the nineteenth century was
thought to be required by the theory of aether and electrons was
shown in 19004 by the Poincaré-Lorentz theory of relativity to be
without foundation.

Suppose that an inertial system of reference (¢, x, y, z) is known
on carth: and imagine a distant star which is moving with a
uniform velocity relative to this framework (¢, x, 3, z). The theorem
of relativity shows that there exists another framework (i, %1, 31, 21)
with respect to which the star is at rest, and in which, moreover, a
luminous disturbance generated at time # at any point (x, 7, 21)
will spread outwards in the form of a sphere

(Xi=x2)* + (Ya =)+ (Z1— 24)® =c3(T,—t)?,

the centre of this sphere occupying for all subsequent time an
unchanged position in the co-ordinate system (., 31, z1). This frame-
work is peculiarly fitted for the representation of phenomena which
happen on the star, whose inhabitants would therefore naturally
adopt it as their system of space and time. Beings, on the other
hand, who dwell on a body which is at rest with respect to the axes
(t, x, y, z), would prefer to use the latter system ; and from the
point of view of the universe at large, either of these systems is as
good as the other. The electromagnetic equations are the same
with respect to both sets of co-ordinates, and therefore neither can

! Raum-Qeit-Vektor II Art of H. Minkowski, Gétt. Nach. 1908, p. 53
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claim to possess the only property which could confer a primacy—
namely, a special relation to the aether.

Some of the consequences of the new theory seemed to contem-
porary physicists very strange. Suppose, for example, that two
inertial sets of axes A and B are in motion relative to each other,
and that at a certain instant their origins coincide : and suppose
that at this instant a flash of light is enerated at the common
origin. Then, by what has been said in the subsequent propagation,
the wave-fronts of the light, as observed in A and in B, are spheres
whose centres are the origins of A and B respectively, and therefore
different spheres. How can this be ?

The paradox 1s explained when it is remembered that a wave-
front is defined to be the locus of points which are simultaneously in
the same phase of disturbance. Now events taking place at different
points, which are simultaneous according to A’s system of measuring
time, are not in general simultaneous according to B’s way of
measuring : and therefore what A calls a wave-front is not the same
thing as what B calls 2 wave-front. Moreover, since the system
of measuring space is different in the two inertial systems, what A
calls a sphere is not the same thing as what B calls a sphere. Thus
there is no contradiction in the statement that the wave-fronts
for A are spheres with A’s origin as centre, while the wave-fronts
for B are spheres with B’s origin as centre.

In common language we speak of events which happen at different
points of space as happening ‘ at the same instant of time,” and we
also speak of events which happen at different instants of time as
happening ‘ at the same point of space.’ We now see that such
expressions can have a meaning only by virtue of artificial conven-
tions ; they do not correspond to any cssential physical realities.

It is usual to regard Poincar¢ as primarily a mathematician, and
Lorentz as primarily a theoretical physicist : but as regards their
contributions to relativity theory, the positions were reversed : it was
Poincaré who proposed the general physical principle, and Lorentz
who supplied much of the mathematical embodiment. Indeed,
Lorentz was for many years doubtful about the physical theory :
in a lecture which he gave in October 1910 he spoke of “die Vorstel-
lung (die auch Redner nur ungern aufgeben wiirde), dass Raum
und Zeit etwas vollig Verschiedenes seien und dass es eine * wahre
Zeit > gebe (die Gleichzeitigkeit wiirde denn unabhingig vom
Orte bestehen).” ?

A distinguished physicist who visited Lorentz in Holland shortly
before his death found that his opinions on this question were
unchanged.

We are now in a position to show the connection between the

1 Printed in Phys. £S. xi (1910), p- 1234
3 < The concept (which the present author would dislike to abandon) that space
and time are something completely distinct and that 2 « true time ” exists (simultaneity

would then have a meaning independent of position).”
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ﬁl(;;'e;trzmtggtrilgfr‘cl)rmat%on and giit}zlG(frald’s hypothesis of contraction
was first established by Larmor ! for hi i :
form of the Lorentz t fon. which 55 acourate baly to the
1 ransformation, which is accurat 1

second order in (w/c), b nsi g PR A
second orce easy.( /c), but the extension to the full Lorentz trans-
velOSclilppOSff that a rod is moving along the axis of x with uniform
velo ty z'ef ,klet the co-ordinates of its ends at the instant ¢ be x
anc a’;i.s 0,;1’ g e;;;ysteg: of axesl' O’x'y’z’ which move with the rod1
. in the same line as the axis Ox, and the ax 'y

.7 CS
?:lldt}(l)'z being constantly parallel to the axes Oy and 0z respectivgly
is system the length of the rod will be x',—x';, where Zf

¥ b

course, x5 and x’; do not vary wi i
o aoss 1 ry with the time. The Lorentz trans-

, .

x'g=1x, cosh a—ct sinh a
, :

%'y =%, cosh a—ctsinh a

where tanh a= (w/c). Subtracting, we have

x'3— %1 = (xg—x1) cosh a= (x; —x1){1 —(w/c)*}}

or X — % =\/1_w_2(x’,—x’1).
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i’Ir‘lh}csil :quatlon s?ows that the distance between the ends of the rod
. system of measurement furnished by the original axes with
reference tc; V;/hlch the rod is moving with velocity w bears the
g;lr?i %11 gzg Jc2)% : 1 to their distance in the system of measurement
furn :e :t | by ctlhtc;1 transformed axes, with reference to which the rod
s atrost : éxln ! 1? is precisely FitzGerald’s hypothesis of contraction.
e o et o he s o/ mierial boies re cosriay
2 y e figures of material bodies )
;uhzeth respect to those transformations for which the fundamentala:;ufzot?:r:sw;?
al\eIther are covariant : that is, for all Lorentz transformations
Rel ow let us look into Poincaré’s remark ? that the Princ.iple of
elativity requires the creation of a new mechanics in which
velosclty can iﬁ(ceed the velocity of light. "
uppose that an inertial system B is being transl i
;o ﬁp t1ri)ert1al'system A with velocity w alongg the ax?stegf I:Iatll,‘g?:
inpS ;::em rj{lo;ngg( z}lor'lgothe axis of x have the co-ordinates (¢, x, 0, 0)
AR n dtj %, 0, 0) in system B. Denote the components of
X x/d¢t and dx’'[dt by s, v'z, respectively, and let w=c¢ tanh a
en the Lorentz transformation gives at once |

. dx _c(dx' cosh a+cdt' sinh a) _ V24w

p= =
dt  c¢dt’ cosh a+dx’ sinh a v’
T+
1
w5 Aether and Matter (1900), p. 173 * of. p. 31
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Now, vz being the velocity of P relative to A, 2’; the velocity
of P relative to B, and w the velocity of B relative to A, in
Newtonian kinematics we should have vx=0"x+w. The denominator
(1+ vaw/c®) in the relativist formula expresses the difference between
Newtonian theory and relativity theory, so far as concerns the
composition of velocities. We see that if o'z=c¢, then vx=c; that
is to say, any velocity compounded with ¢ gives as the resultant ¢ over
again, and therefore that no velocity can exceed the velocity of
light.

This result enables us to solve a problem which had perplexed
many generations of physicists. It had been supposed that if the
correct theory of light is the corpuscular theory, then the corpuscles
emitted by a moving star should have a velocity which is compounded
of the velocity of the star and the velocity of light relative to a source
at rest, just as an object thrown from a carriage window in a moving
railway train has a velocity which is obtained by compounding its
velocity relative to the carriage with the velocity of the train (the
ballistic theory) ; whereas, if the correct theory of light is the wave-
theory, the velocity of the light emitted by the star should be un-
affected by the velocity of the star, just as the waves created by
throwing a stone into a pond move outwards from the point where
the stone entered the water, without being affected by the velocity
of the stone. The new relativist theory led to the surprising con-
clusion that the velocity of light would be unaffected by the velocity
of its source even on the corpuscular theory.

An attempt to explain the Michelson-Morley exKeriment, and
the other evidence which had given rise to relativity theory, without
assuming that the velocity of light is independent of the velocity of
its source, was made in 1908 by W. Ritz,! who postulated that the
velocity of light and the velocity of the source are additive, as in
the old physics. It is, however, now known certainly that the velocity
of light is independent of the motion of the source. The astronomical
evidence for this statement has been marshalled by several writers,?
and further confirmation has been furnished by Majorana by direct
experiment.® It should be remarked that since in purely terrestrial
experiments the light rays always describe closed paths, the results
to be expected from * ballistic > and non-ballistic theories can differ
only by quantities of the second order,* but the performance of the

' Ann. de chim. et phys. xiii (1908), p. 145 ; Arch. de Généve, xxvi (1908), p. 232 ; cf. a
careful discussion of it by R. C. Tolman, Phys. Rev. xxxv (1912), p. 136

* Particularly by R. C. Tolman, Phys. Rev. xxxi (1910), p. 26; W, de Sitter,
Amsterdam Proc. xv (1913), p. 1297 ; xvi (1913), p. 395 Prys. ZS. xiv (1913), pp. 429,
1267 ; Bull. of the Astron. Inst. of the Netherlands, ii (1924), pp, 121, 163 ; R. S. Capon,
Month. Not. R.A.S. Ixxiv (1914), pp. 507, 658 ; H. C. Plummer, ibid., p. 660 ; H. Thirring,
2. f. P.xxxi (1925), p. 133 ; G. Wataghin, ZS. f. P. x (1926), p. §)78

8 Comptes Rendus, clxv (1917), p. 424 ; clxvii (1918), p. 71 clxix (1919), p. 719 ;
Phys. Rev. xi (1918), p. 411 ; Phil. Mag. sxxvii (1919), p. 1455 xxxix (1920), p. 488 ;
cf! also Jeans, Nature, cvii (1921), pp. 42, 169

4 of” P. Ehrenfest, Phys. ZS. xiti (1912), p. 317 ; F. Michaud, Comptes Rendus, clxviii
(1919), p. 507

38

THE RELATIVITY THEORY OF POINCARE AND LORENTZ

Michelson-Morley experiment with light from astronomical sources
ltoﬁz R. Tomaschek * in 1924 definitely disproved the ballistic hypo-
esis.

A further result in harmony with the new theory was obtained

when Michelson ? showed experimentally that the velocity of a
moving mirror is without influence on the velocity of light reflected
at its surface.
It was now recognised that these observational findings, which
in the nineteenth century might have been supposed to tell in favour
of the wave-theory, were actually without significance one way or
the other in the dispute between the wave and corpuscular theories
of light. For, according to relativity theory, even on the corpuscular
hypothesis, a corpuscle which had a velocity ¢ relative to its source
would have the same velocity relative to any observer, whether he
shared in the motion of the source or not.

In 1905 Poincaré ® completed the theorem of Lorentz * on the
covariance of Maxwell’s equations with respect to the Lorentz
transformation, by obtaining the formulae of transformation of the
electric density p and current pv. The fundamental equations are

divd=4mp; ccurld--——ﬂl
ot
divh=0; ¢ curl h=%(:+447pv

and it is desired to find a transformation from the variable ¢, x, y,
Z, p, d, h, v to new variables #, x1, 31, 21, p1, d,, h,, v, such that
the equations in terms of these new variables may have the same
form as the original equations. The transformations of ¢, x, y, z
d, h have already been found. Poincaré now showed that 7

p=p: cosh a+ (piox,/c) sinh a
pUx = p: vz, cosh a+¢p, sinh «
PUy = pr Uy,

PUz = pP1 Uz

When the original variables are by direct substitution replaced by

}he new variables in the differential equations, the latter take the
orm

oh,

¢curl, dy= -2

div1 d1 = 47Tp1, at
1

div, h; =0, ¢curl; hy= %%—1 -+ 4mp, v,y
1

1 Ann. d. Phys. Ixxiii (1924), p. 105
¥ Comptes Rendus, cxl (June 1905), p. 1504
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that is to say, the fundamental equations of aether and electrons
retain their form unaltered, when the variables are subjected to the
transformation which has been specified.

In the autumn of the same year, in the same volume of the
Annalen der Physik as his paper on the Brownian motion,’ Einstein
published a paper which set forth the relativity theory of Poincaré
and Lorentz with some amplifications, and which attracted much
attention. He asserted as a fundamental principle the constancy
of the velocity of light, i.e. that the velocity of light in vacuo is the same
in all systems of reference which are moving relatively to each other :
an assertion which at the time was widely accepted, but has been
severely criticised by later writers.® In this paper Einstein gave the
modifications which must now be introduced into the formulae for
aberration and the Doppler effect.?

Consider a star, whicI})l is observed from the earth on two occasions.
The distance of the star is assumed to be so great that its apparent
%roper motion in the interval between the observations is negligible.

enote an inertial system of axes at the earth at the time of the
first observation by K, and an inertial system of axes at the earth at
the time of the second observation by K': and choose these axes
so that the x-axis has the direction of the velocity w (=ctanh a)
of K’ relative to K. Let ¢ be the angle which the ray of light
arriving at the earth from the star makes with the x-axis as measured
in K, and ¢’ the corresponding angle in the system K’. Then the
Lorentz transformation gives for the co-ordinates of the star in the
two systems

ct’ =t cosh a—~x sinh a
x =x cosh a—¢t sinh a
)=y

(taking the plane of xy to contain the star) : and since light is
propagated with velocity ¢ in both systems, we have ¢t= v/ (x* 4%,
et = +/(x*+y'*). Thus

x x' _x cosh a—ctsinh a_ cosy cosh a—sinh e
V({@*+y?) o ctcosha—xsinha cosha—cosy sinha

ccosf—w

s = — 1,
or cos ¢ c—w cos Y

This is the relativist formula for aberration : it may be written

= a g ¥+
sin 3 —tanh2s1n 5

1 Ann. d. Phys. xvii (Sept. 1905), p. 891
* e.g. H. E. Ives, Proc. Amer. Phil. Soc. xcv (1951), p. 125 Se. Proc. R.D.S. xxvi (1952),
p. 9, at pp. 21-2 3 . Vol. I, pp. 368 and 389
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When powers of (w/c) above the first are neglected, this gives

¥ —y="sin 4,

which is the aberration-formula of classical physics.

To find the relativist formula for the Doppler effect, we suppose
that K’ is an inertial system with respect to which the star is at
rest, and K is an inertial system in which the earth is at rest : and
choose the axes so that the system K’ is moving with velocity
w (=ctanh a) parallel to the axis of x in the system K. Let ¢ be
the angle which the line joining the star to the observer makes with
the x-axis in the system K, and let ¢ be the corresponding angle
in the system K’. Then the phase in the system K is determined by

v (H_x cos ¥ + sinz//)
¢

where v is the frequency of the light as observed by the terrestrial
observer ; and as the phase is a physical invariant, we must have

» (H_x CcOos t/;+y sin «,b):v, (t'-;-x’ cos ¢+ sin ¢,)
4

when ' is the frequency of the light as measured by an observer on
the star. Thus

[

v {t’cosh a+2—c sinh a + 1 [(x' cosh a+¢t’ sinh a) cos$+y’ sin z/z] }

[

— (t’ 4% cos ' 4+ sin ¢’)

Equating coefficients of #', we have

v (cosh a +sinh a cosy) =v'

v'_l+? cosy

This is the relativist formula for the Doppler ¢ffect. When only first-
order terms in (w/c) are retained, it gives

vV=v -——
4
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where w; is the radial component of w : which is the older formula
ler effect. )

for %ewlr?ﬁpge noticed that the relativist formula differs from the
older formula by the presence of the factor v/ (1 —w?/c?). Now if an
observer moving with velocity w relative to an inertial system passes
a place P where a clock belonging to the inertial system reads 'tli
and if he afterwards passes a place Q where the clock in the 1nert1}:1a
system reads &, and if ¢ is the interval of time registered by the
observer’s clock between the positions P and Q, then it follows at
once from the equations of the Lorentz transformation that

_t_/(1-%).
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so that we can (somewhat loosely) speak of the fac:cor V(1 —w?/c?) as
representing the slower rate at which the observer’s clock is rugu}mg
as compared with clocks that are at rest on the star. It is obvious
that this factor must occur in the relativist formula.

It will be observed that in the relativist formula, the Doppler
effect is not zero even when the relative motion of the source ar}lld
observer is at right angles to the direction of propagation of the
light ; in this case ( =m) we have

(-2

or in the first approximation

v—v' w?

v 2 ¢

This is called the transverse Doppler effect. In 1907 Einstein suggested !
that it might be observed by examining the light emitted by canal
rays ? in hydrogen, on which J. Stark? had published a paper in
1906. Stark’s experimental results, however, did not seem to con-
firm the theoretical formula : and it was not until more than thirty
years later that H. E. Ives and G. R. Stillwell ¢ succeeded in
carrying out this experiment with any degree of success.

It is clear, from the history set forth in the present chapter, that
the theory of relativity had its origin in the theory of acther and
electrons. When relativity had become recognised as a doctrine
covering the whole operation of physical nature, efforts were made
to present it in a form free from any special association with electro-

1 Ann. d. Phys. xxiii (1907), p. 197 1 of. Vol. I, p 363

s Ann. d. Phys. xxi (1906), p. 401 _
« 5 Opt. Soz.SA,y?wnr.(xxvii?i (1938), p. 215 ; xxxi (1941), p. 369

42

THE RELATIVITY THEORY OF POINCARE AND LORENTZ

magnetic theory, and deducible logically from a definite set of axioms
of greater or less plausibility.!

It should be mentioned also that when relativity theory had
become generally accepted, the Michelson-Morley experiment was
rediscussed with a much more complete understanding and
exactitude.?

An account may be given here of some experiments performed
long after the time with which we are at present mainly concerned,
which confirmed in a striking way the predictions of relativity theory.
In one of them, due to A. B. Wood, G. A. Tomlinson and L. Essen,?
a rod in longitudinal vibration was rotated in a horizontal plane,
so that its length varied periodically by reason of the FitzCEx)erald
contraction. Accurate measurements were made of the vibration
frequency, which would have varied with the length, if the length
only had been affected. According to relativity theory, however,
there should be a complete compensation of the contraction in
length, by a modification of the elasticity of the rod according to
its orientation with respect to the direction of its motion, so that
no change of frequency should be observed. The experiment was
carried out with two similar longitudinal piezo-electric quartz
oscillators, one rotating and the other stationary, the relative fre-
quency being measured. The experiment yielded a null result within
narrow limits of uncertainty of about+4 parts in 10, thus fully
confirming the prediction of the Poincaré-Lorentz theory of relativity.

Still later, a prediction of the theory was verified in a striking

! Papers on axiomatics aremany.  Attention may be directed specially to the following :

P. Frank and H. Rothe, Ann. d. Phys. xxxiv (1911), p. 825 ; E. V. Huntington, Phil.
Mag. xxiii (1912), p. 494 ; L. A. Pars, Phil. Mag. xlii (1921), p. 249 ; C. Carathéodory,
Berfin Sitz. v (1924), p. 12 ; V. V. Narliker, Proc. Camb. Phil. Soc. xxviii (1932), p. 460 ;
G.‘{. Whitrow, Quart. J. Math. iv (1933), p. 161 ; L. R. Gomes, Lincei Rend. xxi (1935),
p- 433 ; N. R. Sen, Indian ¥. of Phys. x (1936), p. 341 ; F. Severi, Proc. Phys.-Math. Soc.
Japan, xviii (1936), p. 257 ; E. Esclangon, Comptes Rendus, ccii (1936), p. 708 ; Bull.
Astron. x (1937), p. 1; J. Meurers, ZS. f. P. cii (1936), p. 611 ; V. Lalan, Comptes Rendus,
ciii (1936), p. 1491 ; Bull. Soc. Math. France, Ixv (1937), p. 83 ; G. Temple, Quart. 7.
Math. ix (1938), p. 283 ; H. E. Ives, Proc. Amer. Phil. Soc. xcv (1951), p. 125. A valuable
paper by H. P. Robertson, Rev. Mod. Phys. xxi (1949), p. 378, is in a somewhat different
category. Robertson discusses the justification of the axioms on the ground of experi-
mental results, and shows that most of the axioms can be based securely on (i) the
Michelson-Morley experiment, (ii) the experiment of Ives and Stilwell on the transverse
Do(i)plcr effect (cf. p. 42), and (ii1) an experiment performed in 1932 by R. J. Kennedy
and E. M. Thorndike [Phys. Rev. xlii (1932), p. 400] ; in this, a pencil of homogeneous
light was split at a half-reflecting surface into two beams, which, after traversing paths of
different lengths, were brought together again and made to interfere ; the positions of
the fringes in the interference pattern were observed when the velocity of the system was
varied owing to the motions of rotation and revolution of the earth. "The predictions of
relativity theory were verified. An interesting experiment with a rotating interferometer
was performed by G. Sagnac in 1913; Comptes Rendus clvii (1913), pp. 708, 1410 ;
J. Phys, Rad. iv (1914), p. 177 ; cf. A. Metz, J. Phys. Rad. xiii (1952), p. 224.

* cf. E. Kohl, Ann. d. Phys. xxviii (1909), pp. 259, 662 ; E. Budde, Phys. ZS. xii (1911),
p. 979 ; M. von Laue, Ann. d. Phys. xxxiii (1910), p. 186; Phys. ZS. xiii (1912), p. 501 ;
A. Right, Le Radium, xi 31919), p. 321 ; N. Cimento, xviii (1919), p. 91 ; J. Villey, Comptes
Rendus, clxx (1920%, P- 1175 ; clxxi (1920), p. 298 ; E. H. Kennard and D. E. Richmond,
Phys. Rev. xix (1922), p. 572; J. L. Synge, Sci. Proc. Roy. Dub. Soc. xxvi é1952), p-45;
Nature clxx (1952), p. §44 3 Proc. R.S.(a), clviii (1937), p. 60
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way. If two events (1) and (2) are considered, and if in an inertial
system A these events happen at different points of space, whereas
in an inertial system B (moving with velocity w relative to A), the
two events happen at the same point of space, then the Lorentz
transformation gives

B Wwx® B Zﬁ’i‘i

1,® - A 1,8 — 2%
A Ao <
2 o fat = o2\

v(1-%) v(1-%)

Since x,®=x,%, these equations give

so the time between the events, measured in system A, is (1 —w?/c*)~*
times greater than the time between the events, measured in system B.

Now certain particles called cosmic-ray mesons, discovered obser-
vationally in 1937, disintegrate spontaneously ; and it may be
assumed that the rate of disintegration depends on time as measured
by an observer travelling with the meson. Thus to an observer who
is’ stationary with respect to the earth, the rate of disintegration
should appear to be slower, the faster the meson is moving. This
was found in 1941 to be actually the case.’

The study of relativist dynamics was begun in 1906, when Max
Planck ? found the equations which, according to the new theory,
should replace the Newtonian equations of motion of a material
particle. Considering first the one-dimensional case, let a particle
of mass m and charge ¢ be moving along the axis of x with velocity
w(=c tanh q) in the system Oxyz, in a field of electric force parallel
to Ox. Let O'x’y’z’ be axes parallel to these, whose origin 0’ moves
with the particle. The relations between (¢ x, y, 2) and (¢, %', ¥, Z)
are

ct' =ct cosh a—x sinh a

4

x' =x cosh a—ct sinh a
’

J,=J

Z =X

The Newtonian equation of motion is assumed to be valid with
respect to the axes 0'x’y'z’, so the equation of motion of the particle
is
a*x’'
th—,E
1 B. Rossi and D. B. Hall, Phys. Rev. lix (1941), p. 223
* Verh. d. Deutsch, Phys. Ges. viii (1906), p. 13
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where d% and dy denote the electric force in the two systems.> Now

dx’ _dx/dt cosh a—¢sinh a
cdt’ ¢ cosh a—dx/dt sinh a

SO
4 {(dx/dt) cosh a—¢sinh o dx
i;’i __dt ¢ cosh a— (dx/dt) sinh a} v cosh a
cdrr =

¢ cosh a— dx sinh o

dx . 2
7 ¢ cosh a—7 sinh a}

remembering that 9% osh a—sinh a—=0. But

dt
dx . ¢ sinh2a ¢

¢ cosh a— =" sinh a=¢ cosh a—"- =_ ¢
dt cosh ¢ cosh a

and therefore
‘!z—,x'=‘p—xcosh3 a=(l _@)—%div=¢i L
dar:  de &) dt  dit| /(1 —w?/c?)

Thus the equation of motion is (writing X for the moving force on
the particle, namely ¢d:),

i ) =X

and extending the investigation to three dimensions, we can show
that if the components of velocity are dx/dt, dy/dt, dz/dt, and if their
resultant is w, then the general equations of motion of a particle acted on

by a force (X, Y, Z) are
d m dx/dt .
T ) %

df_mdyd ) _

d (_mdz/dt _7

d\v(1-wlct)| ™

When ¢ -0, these evidently reduce to the Newtonian equations
*x _ dy_ a2
mdt’_X’ md7—Y, m s =2

1 of. p. 33
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To obtain the law of conservation of energy, multiply the equations (1)
by dx/dt, dy|dt, dz|dt respectively, and add. Thus

dx dy dz
Xd7+YE+ZEt_
=g1{ mdxjdt | dy df__m dyldt }+g_1§_4 m dz/dt }
t B\ (T—wrfc) | " dt di\ v —wle?)| * dt dt| V(1 —wile?)
cnd o (12) o (1) (s e
s L Ut +m -2 aataataae
R A S
e (1 c’) dt+m 1 c? Yh
w\ — % dw
=mw(1 72) 2;#—.

dx 4)) d._Z__d z( _@)‘%
XWYWFZ&“J{”‘” a T

The left-hand side of this equation is evidently the rate at which
work is being done on the particle, so the right-hand side must

represent the rate of increase of the kinetic energy of the particle ;
that is, the kinetic energy of the particle is

__ﬂ%z_+(]
v(1-%)

where G denotes a constant ; or, expanding the radical by the
binomial theorem,

w2 . w2
me* (1 +5at higher powers of 6—2) +C.

In order that this may agree with the Newtonian value of the kinetic
energy, namely, $mw?, when the higher powers of w?/c? are neglected,
we must have C= —mc2.  Thus the kinetic energy of the pariicle is

—mel. 2)
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It is easily seen that the equations (1) may be written

df oL\ _ d (oL ) _
@ W )
where
L= -me/(1-%),

so L is the Lagrangean function or kinetic potenti i
! al. M
we introduce P orcover, if

o= L _ m dx 3
z) v0-%)" |

CZ

and similar expressions for gy and p., and if we write

Hemet, /(1422000407 27),

mﬂcﬂ

s

then the equations of motion may be written

4_’_@ - dpy _ dpz - N
dt X, ‘at— = Y, E = Z, ;\ > ;_\ i
d«_eH & _oH dz_oH s e

G d -y A o

which is the Hamiltonian form.

Rerr:emqur}g tl}gt th? moving force is the time-rate of the
momentum, it is evident from equations (1) that the compo
of momentum of the particle are ) ponents

m dx m dy m dz

Y (S Y s LAY ey E R

c? c?

which reduce to the Newtonian expressions m dx/dt, m dy/dt, m dz/ds

when ¢ -— 0. The same result is obtained from equations 23) when
we remember that the components of momentum are the derivates of
the Lagrangean function with respect to the components of velocity :
and it fits in with a remark which Laplace had made more than
a century earlier,! namely, that if the momentum of a particle, instead
of being mw were me (w), then the kinetic energy must be fmq&”(w) wdw.

1 Mécanigue céleste, premiére partie, Livre I (An vii)
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For from (4) we have in this case

2\-3
po)= 2, #w=(1-9)%
v(1-%) ”
and the kinetic energy = mwalws - _m .\ + Constant
=N
c? c?

in agreement with (2).
quations (2) and (4) fulfil the prediction made by Poincaré in

his St Louis lecture of 24 September 1904, that there would be ‘a
new mechanics, where, the inertia increasing with the velocity, the
velocity of light would become a limit that could not be exceeded.’

The arguments by which Planck derived his expressions for the
kinetic energy and momentum of a material particle in relativity
theory were felt to be perhaps not completely cogent. However,
three years afterwards, Gilbert N. Lewis (1875-1946) and Richard C.
Tolman (1881-1948)* gave a proof of a very different character.

Consider two systems of reference (A) and (B), in relative motion
with velocity w parallel to the axes of x and x’. Let a ball P have
components of velocity (0, —u, 0) in (A), and let an exactly similar
ball Q have components of velocity (0, z, 0) in (B). Let the balls
be smooth and perfectly elastic. The experiment is so planned that
the balls collide and rebound. From the relativist formulae

Vet w v’y (1 —w?/c?)} v': (1 —w?/c?)}
= w T T ew R
14222 1+35 I+
c ¢ ¢

we see that the velocity of Q) as estimated by (A) before the collision is

e/ (1-).9):

The collision is perfectly symmetrical. But as estimated by (A),
the y-component of Qs velocity changes from u4/(1—w%/c?) to
—u+/(1 —w?/ ¢?), and the y-component of P’s velocity changes from
—u to u.

We assume that there exists a vector quantity called the momentum
depending on the mass and velocity, which is such that the momen-
tum gained by one of the spheres in a collision is equal to the
momentum lost by the sphere which collides with it. We assume
further that this momentum approximates to the ordinary Newtonian

1 Phil. Mag. xviii (1909), p. 517
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momentum when the velocity is very small compared with that of
light. So the components of momentum may be written

SO, flo)ow,  f0)os,

where v= (0% + 0% + v%)}, and the function f(v) reduces to the mass
m when v—-0. From the law of conservation of momentum, (A)

assumes that the ball P experiences the same change of momentum
as the ball Q. Therefore

a\1
Foau (14 ) = flor)u
ghe{le vg and vp are the total velocities of Q and P in (A)’s system.
ivide by u.
2\ 1
Foo)(1-25)F = fiwe).

Now make u tend to zero. Thus

f)(1-2) =10)=m

or

6"

so the momentum of a particle whose mass is m, and which is moving with
velocity (Vs, vy, 0z) 1S

moz i mvy mos
B M W

where v* = v + vyl + vz..

Next consider a collision between two elastic spheres, whose
masses are m, and m, respectively, and which are moving along the
axis of x with velocities (u,, u,) before the collision, and with velocities
(u'y, o'y), after the collision. The condition of conservation of
momentum gives the equation :

My Matly M, Mty

u,? + A - u'y? 2\ M
v(1-%) v(1-4) ‘7)+‘/( %)

Now consider another set of axes, which are moving relatively to
the first set with velocity ¢ tanh « parallel to the axis of x. Let the
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velocities relative to this second set of axes be denoted’ by grave
accents placed over the letters, so that for any one of the u’s we have

_ucosh a—c¢sinh a
~ cosh a— (ufc) sinh o’

\/(1 a %:) T cosh a— (lu/c) sinh a\/(l - %:) (2)

Substituting from (2) in the equation

o Uz _ua _Uu-2
\/(1—01’) \/(1— 62) \/(1 02) \/(1 c®
we obtain

my(uy cosh a—c sinh a) +m2(u2 cosh a—¢ sinh a)
2 u 2
v(1-%) v(1-%)
my(u'y cosh a—c¢ sinh a) + my(u's cosh a—c sinh a)

V(1) v(1-%)

Subtracting this equation from equation (1) multiplied by cosh a,
and dividing the resulting equation by ¢ sinh a, we have

m m22 _ ml’z_‘_ mz’z. 3)
)T VE) T V) )

This equation shows that if the quantity m (1 —u?/c®)~t be calcul:'at'ed
for each of the colliding spheres, then the sum of these quantities
for the two spheres is unaltered by the impact. We have therefore
obtained a new invariant property. Let us sce what corresponds
to this in Newtonian dynamics. Supposing that (u,/c) and (u,/c)
are small, and expanding by the binomial theorem, we have

uz u4 luzz 31{11 )
m; (1+%6L,+%6—j—+ - .)+m2 (1+2;§+§ R

’7 3 r 4 ulg ul4
=m, (1+%”c—;+%—”—‘+ . .)+m2 (1+%—c—: +3 2+ L. )

¢t
RO
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or

U’ us’
%mlulz-i-%m,c;— + .+ i maust+ Eme ciz+ Ce
1 ’ 3, Uit ’ s, Ut
=35 MU 12+‘s‘m16—2+- .. +%m2u 22+ g my ';;2—+ ...
When ¢—>c0, this equation becomes the ordinary equation of con-
servation of kinetic energy in the collision. We therefore describe
(3) as the equation of conservation of energy in the relativist theory of the

impact, and we call
me?
02
v(1-3)

(save for an additive constant) the kinetic energy of a particle, whose
mass at rest is m, which is moving with velocity ». The ¢? is inserted
in the numerator in order to make the expansion in ascending
powers of (u/c) begin with the terms [Constant + } mu®] and thus be
assimilated to the Newtonian kinetic energy.

Thus Planck’s expressions for the momentum and kinetic ener;
of a material particle were verified. The quantity m is called ta
proper mass.

We have now to trace the gradual emucrgence of one of the
greatest discoveries of the twentieth century, namely, the connection
of mass with energy.

As we have seen,! J. J. Thomson in 1881 arrived at the result
that a charged spherical conductor moving in a straight line behaves
as if it had an additional mass of amount (4/3¢?) times the energy
of its electrostatic field.2 In 1900 Poincaré,® referring to the fact
that in free aether the electromagnetic momentum is (1/c%) times
the Poynting flux of energy, suggested that electromagnetic energy
might possess mass density equal to (1/¢?) times the energy density :
that is to say, E=mc* where E is energy and m is mass : and he
remarked that if this were so, then a Hertz oscillator, which sends
out electromagnetic energy preponderantly in one direction, should
recoil as a gun does when 1t is fg*ed. In 1904 F. Hasendhrl ¢ (1874
1915) considered a hollow box with perfectly reflecting walls filled
with radiation, and found that when it is in motion there is an

' Vol. I, pp. 306-310
* It was shown long afterwards by E. Fermi, Lincei Rend. xxxi, (1922), pp. 184, 306,

that the transport of the stress system set up in the material of the sphere should be
taken into account, and that when this is done, Thomson’s result becomes

Additional mass =% x Energy of field.

The same result was obtained in a different way by W. Wilson, Proc. Phys. Soc. xlviii
(1936), p. 736. 3 Archives Néerland. v (1900), p. 252
¢ Ann. d. Phys. xv (1904), p. 344 ; Wien Siiz. cxiii, 2a (1904), p. 1039
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apparent addition to its mass, of amount (8/3¢?) times the energy
possessed by the radiation when the box is at rest : in the following
year ! he corrected this to (4/3¢?) times the energy possessed by the
radiation when the box is at rest?; that is, he agreed with
. Thomson’s E=3m:* rather than with Poincaré’s E=mc?.
In 1905 A. Einstein 2 asserted that when a body is losing energy in
the form of radiation its mass is diminished approximately (i.e.
neglecting quantities of the fourth order) by (1/¢*) times the amount
of energy lost. He remarked that it is not essential that the energy
lost by the body should consist of radiation, and suggested the
general conclusion, in agreement with Poincaré¢, that the mass of
a body is a measure of 1ts energy content : if the energy changes
by E ergs, the mass changes in the same sense by (E/c*) grams.
In the following year he claimed* that this law is the necessary and
sufficient condition that the law of conservation of motion of the
centre of gravity should be valid for systems in which electromagnetic
as well as mechanical processes are taking place. o
In 1908 G. N. Lewis ® proved, by means of the theory of radiation-
pressure, that a body which absorbs radiant energy increases in mass
according to the equation

dE = c*dm

and affirmed that the mass of a body is a direct measure of its total
energy, according to the equation ¢

E =mc2.

As we have seen, Poincaré had suggested this equation but had
given practically no proof, while Einstein, who had also suggested
it, haé) given a proof (which, however, was put forward only as
approximate) for a particular case: Lewis regarded it as an exact
equation, but his proof also was not of a general character. Lewis,
however, pointed out that if this principle is accepted, then in
Planck’s equation of 1906

mc?

)- “1-7)

(Kinetic energy of a particle whose — et

mass when at rest is m
62

* Ann. d. Phys. xvi (1905), p. 589 o .

* The moving hollow box filled with radiation was discussed further by K. von
Mosengeil (a pupil of Planck), dnn. d. Phys. xxii (1907), p. 867, and M. Planck, Berlin
Sitz. (1907), p. 542, whose formulae essentially involve the general law E=mc?.

* Ann. d. Phys. xviii (1905), p. 639 ; his reasoning has, however, been criticised ; ct.
H. E. Ives, 7. Opt. Soc. Amer. xlii (1952), p. 540 ]

¢ Ann. d. Phys. xx (1906), p. 627 ; cf. a further paper in dnn. d. Phys. xxiii (1907),

. 371
Py Phil. Mag. xvi (1908), p. 705; cf. however the above note on Planck’s paper of 1907
¢ A little earlier D. F. Comstock, Phil. Mag. xv (1908), p. 1, had obtained E = ms*
in accordance with the formulae of J. J. Thomson and Hasenéhrl, and had remarked
that * assuming the loss of mass accompanying the dissipation of energy, the sun’s mass
must have decreased steadily through millions of years.’
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the last term, me?, must be interpreted to mean the energy of the
particle when at rest, whereas the difference

mc?

V(-4

c?

— mc?

represents the additional energy which it possesses when in motion ;
and therefore the total energy of the particle when in motion must
be simply !

me?

=)

For confirmation of this, Lewis referred to experiments by
W. Kaufmann 2 and A. H. Bucherer,® who studied the magnetic and
electric deviations of the B-rays for radio-active substances. The
original experiments of Kaufmann* showed only that for great
velocities the ‘ mass’ of the electron increases with its velocity in
general qualitative agreement with the formula m/+/(1 — w?*/c?) : but
Bucherer showed that the formula is accurate to a high degree of
precision for values of (w/c) ranging from 0-38 to 0-69.

The mass of a system can therefore be calculated from its total
energy by the equation

and the researches that have been described show that in calculating
E, we must include energy resident in the aether. 1a 1911 Lorentz?®
showed that every kind of energy must be included—masses, stretched

* Lorentz in 1904 (Amst. Proc. vi (1904}, p. 809] had given the formula

ORI . B
V(1= (wlc)?)

for the mass of an electron whose mass when at rest is m,, and which is moving with
velocity w, on the assumption that electrons in their motion experience the FitzGerald
contraction.

* Gott. Nach. (1901), p. 143 ; (1902), p. 291 ; (1903), p. 90 ; Phys. ZS.iv (1902), p. 54 ;
Berlin Sitz. xlv (1905), p. 949; Ann. d. Phys. xix (1906), p. 487 ; cg also (Planc)k,pVerh:
d. ﬁmtsch, Phys. Ges. 1x (1907), p. 301 ; Kaufmann, ibid. p. 607 ; Stark, ibid. x (1908),

® Berl, Phys. Ges. vi (1908), p. 688 ; Ann. d. Phys. xxviii (1909), p. 513 ; Phys. 2S. ix
1908), p. 755 ; cf. also C. Schaefer and G. Neumann, Ph(y.r. <S. giv (1913),yp. ‘?117 H
. Neumann, Ann. d. Phys. xlv (1914), p. 529 ; C. Guye and Ch. Lavanchy, Arch. des Sc.
(Geneva) xlii (1916), p. 286
¢ It may be mentioned that in pre-relativity days the interpretation placed on
Kaufmann’s experiments was that by means of them it would be possible to find for the
electron the proportion of proper mass (which was independent of velocity) to electro-
magnetic mass gwhich increased with velocity).
> Amst. Versl. xx (1911), p. 87
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strings, light rays, etc. For example, if a system consisting of two
electrically charged spheres, of charges ¢, and ¢,, at distance @ apart,
is considered, then WI})ICI’I we calculate the value of E for the system,
we do not obtain simply the sum of the values of E for the two
spheres separately (as calculated when they are infinitely remote
from each other), but we must include also a term representing
the electrostatic mutual potential energy of the two charges, namely,
(e:162/a) : and therefore the mass of the system must include a term?
e185/c%a).

( Similarly, the mass of a system of gravitating bodies is not the
sum of their masses taken separately, but includes a term representing
(1/c?) times their mutual potential energy.? Thus, if two Newtonian
gravitating particles m, and m, are at rest at a distance a apart,
their mass is

Ymame
cta

m, +my —

where y is the Newtonian constant of gravitation.

The equivalence of mass and energy was expressed by Planck in
1908 2 in the form of a unified definition of momentum. The flux of
energy, he said, is a vector, which when divided by ¢? is the density
of momentum. This had long been known in the case of electro-
magnetic energy, by the relation between the Poynting vector and
the momentum density resident in the aether. But Planck now
asserted that it was universally true, e.g. in the cases of radiation,
or of conduction or convection of heat. In the case of a single
particle of proper-mass m and velocity v, the energy is mc?/ /(1 — v?/c?),
the streaming of energy is me?v/ /(1 —2%/¢?), and this divided by ¢ is
mv/4/(1 —v?/c?), which is precisely the momentum of the particle.
The unified definition of momentum is a more general expression of
the equivalence of mass and energy than the equation E =mc?, for the
concept of mass becomes more difficult to define when, e.g. momen-
tum and velocity are no longer parallel to each other.

Planck’s new conception of momentum was soon found to be
capable of explaining some paradoxical consequences which could

! A value not agreeing with this was found by L. Silberstein in 1911 [Phys. ZS. xii
(1911), p. 87], but an error in his method was pointed out by E. Fermi [Rend. Lincei,

i, 1522), pp. 184, 306], whose work led to the correct value.

* On this problem cf. A, S. Eddington and G. L. Clark, Proc. R.S.(a), clxvi (1938),
p. 465 ; Eddington [Proc. R.S.(A), clxxiv (1940), p. 16] proposed to define the mass
of a system to be that of a point-particle which would produce the same gravitational
field as the system at very great distances. This and other definitions were discussed
by G. L. Clark, Proc. R.S. E. Ixii (1949), p. 412. It was shown by Josephine M. Gilloch
and W. H. McCrea, Proc. Camb. Ph. Soc. xlvii (1951), p. 190, that in the case of a cylinder
rotating freely on its axis, the gravitational mass is (to a first approximation) the sum
of the proper-mass and (1/¢*) times the kinetic energy ; as was to be expected according
to the general principle of the equivalence of mass and energy.

* Verh. d. Deutsch. Phys. Ges. x (1908), p. 728; Phys. S. ix (1908), p. 828. This
staternent had been to some extent anticipated (in connection with the moving box
containing radiation) by Planck, Berlin Sitz. (1907), p. 542, and by F. Hasenthrl, Wien
Sitz. cxvi 2a (1907), p. 1391.
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apparently be deduced from the theory of relativity. One of these,
due to Lewis and Tolman,! may be described as follows. Consider
a rigid bent lever abc at rest, pivoted at b, whose arms ba and b¢ are
equal and perpendicular, and suppose that forces F; and Fy, each
equal to F,, are applied at ¢ and ¢ in directions parallel to b¢ and
ba respectively. The system is thus in equilibrium.

Now let the whole system be referred to axes with respect to
which it is moving with velocity w in the direction b¢. Obviously
it will still be in equilibrium. But according to the theory of relativity,
with reference to the new axes the arm bc¢ should experience the
FitzGerald contraction, and so should be shortened in the ratio
v/ (1 —w?/c?) to 1, while ab has the same length as at rest. Moreover,
if force is defined as the rate of communication of momentum with
respect to the time used in the inertial system concerned, we can
show that the values of the forces referred to the new axes are

Fx=F0’ Fy=F0.\//( _w2).

o2
Thus the forces produce a moment

Fo.ba-Fo /(1-9)/(1-%) - 4
or

—12- Fow? . ba
¢

tending to turn the system round 4 ; so apparently it would not be
in equilibrium.

The paradox is resolved by the following explanation, which is
due to Sommerfeld and Laue.? At the point a the force F; furnishes
the work at the rate wF,. An energy current of this strength enters
the lever at a, travels to 4 and then passes into the axis of the lever,
since the axis does work at the rate —wF, on the lever. Correspond-
ing to this flux of energy there is, by Planck’s principle, a momentum
parallel to ab, of amount (1/c*) times the volume integral of the
energy flux, or (1/¢%) . ab . wF,. Due to the existence of this momen-
tum there is an angular momentum about a fixed origin O, lying
in the prolongation of ab, of amount (1/c?).ab.0b.wF,, and its
rate of increase with respect to the time 1s

1w, d(0)

o it wF, or (l/c*).Fow?. ab.

Thus we see that the couple (1/c?) . Fow? . ba, produced by the two
forces F, and Fy, is needed in order to account for the rate of increase
* Phil. Mag. xviii (1909), p. 510. Relativity statics is treated fully by P. S. Epstein.

dnn. d. Phys. xxxvi (1911), p. 779.
% Laue, Verh. Deutsch, P;Zys. Gesells. (1911), p. 513
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(1/¢?) . Foww? . ab of the angular momentum of the lever, and the
difficulty is satisfactorily explained.

It may be remarked that if the lever is contained in a case, which
supports the axis b of the lever, and also (e.g. by elastic strings attached
to points of the case) provides the forces F; and F, which act at
a and ¢, then the energy current after leaving the lever at b enters
the case there, and after travelling in the case re-enters the lever by
the elastic string which is attached to a. The energy current is there-
fore closed, so the system consisting of case and lever together has
not a variable angular momentum. The case and lever in fact exert
equal and opposite couples on each other.

This may be regarded as a model of the Trouton-Noble experi-
ment,! the electric field being compared to the lever and the material
condenser to the case. Neither the elctromagnetic momentum of
the field nor the mechanical momentum of the condenser is parallel
to the velocity, and both therefore need couples in order to preserve
their orientation in translatory motion, but these couples are equal
and opposite, and the system condenser plus field requires no couple.

Not long after the publication of Planck’s paper of 1906 writers
on the theory of relativity began to take advantage of some develop-
ments in pure mathematics, of which an account must now be given.

It was Felix Klein (1849-1925) in his famous Erlanger Programm
of 1872 2 who first clearly indicated the essential nature of a vector.
Let (p, g, ) be the components of a vector with respect to the rect-
angular axes O xyz. Then px+gy+rz is the product of the lengths
of the vectors (p, ¢, ) and (x, y, z) into the cosine of the angle between
them, and is therefore invariant if the axes of reference are changed
by a rotation about the origin to any other set of rectangular axes.
Klein regarded all geometry as the invariant theory of some definite
group, and following him, we can take the property just mentioned
as the definition of a vector : that is, a set ofp three numbers (p, ¢, 1)
will be called a vector if px+ gy + rz is invariant under the group of
rotations of orthogonal axes. This definition suffices to furnish the
laws according to which (p, ¢, r) are transformed when the axes of
reference are changed. Since {(x.x)+ (y.y) + (2.2)} or (x®+*+2?)
is invariant under a rotation of the axes, we see that (x, 5, z) is a
particular vector. And since all vectors are transformed in the
same way, we may say that (p, ¢, 7) is a vector if its components
(#, g, r) are transformed like (x, , ).

Vectors are not the only physical quantities that are related to
direction: another class 1s represented by elastic stresses. If we
denote by (X, Y, Z.) the components of traction across the yz-plane
at a given point P, by (X,, Yy, Z,) the components of traction across
the zx-plane at P, and by (X, Y., Z:) the components of traction

tcf. p. 29
* Programm zum Eintritt in die philosophische Fakultit d. Univ. zu Erlangen, Erlangen,
A. Deichert, 1872. Reprinted in 1893 in Math. Ann. xliii, and in Klein’s Ges. Maih.
Abhandl. i, p. 460.
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across the xy-plane at P, then, as is known, we have Zy =Y,, X;=Z,,
Y:=X,, so we can write

Xx=a, Yy=b, Zz=€, Zy=Yy=f; Xz=Zx=g, Yx:Xy:}l,

and the stress can be represented by the six numbers (a, b, ¢, f, g, k).
Now let the axes of reference be changed by any rotation about the
origin. Then, as is known, if the components of stress at P with
respect to the new axes Ox’y'z’ are denoted by (a’, &', ¢', f', g', F')

. 3
the expression

ax®+by* + ¢z + 2fyz + 2g2x + 2hxy
is transformed into the expression
a/xlz + btylz + a’z’2 + Qf:yle + lezlx/ + Qh’x:y’.

Any set of six quantities (a, b, ¢, f, g, &) which, when the axes are
changed by a rotation about the origin, changes in this way, that
is, in the same way as the coeflicients of a quadric surface, is said
to constitute a symmetrical tensor* of rank 2. The analogy with the
definition of a vector is obvious, and a vector may be called a #ensor
of rank 1. A quantity which is invariant under all rotations of the
axess of co-ordinates is called a scalar or tensor of rank zero.
ince

XL 2 292 92+ 220 L 2X 4 2xp L xv= (x4 2 4 )2

is an invariant for rotations of the system of co-ordinate axes, it
follows that

(%2, % 2% ¥z, 2%, %))

is a particular symmetric tensor of rank 2, and since all symmetric
tensors of rank 2 are transformed in the same way, we see that
a set of 6 quantities (a, b, ¢, f, g, h) constitutes a symmetric tensor of rank 2,
if (a, b, ¢, f, g, ) are transformed in the same way as (x2, y?, 22, yz, zx, xy).
It is easily shown, for example, that if A, B, G, F, G, H denote the
moments and products of inertia of a system of masses with respect
to the co-ordinate axes, then (A, B, G, - F, — G, — H) is a symmetric
tensor of rank 2.

The definition just given can be generalised, so as to furnish
a definition of a tensor of rank 2 which is not necessarily symmetrical.
Let (p1, q1, 1) and (pa, s, r2) be two different vectors. Then a sef
of nine numbers

tlb tzz, tss; taa, tsz, tal, tls, t12’ t!l,

! Attention was drawn to the properties of sets of quantities obeying these laws of
transformation by C. Niven, Trans. R. S. E. xxvii (1874), p. 473 ; cf. also W. Thomson
(Kelvin), Phil. Trans. cxlvi (1856), p. 481 and W. J. M. Rankine, ibid. p. 261. The
name tensor (with this meaning) is due to J. Willard Gibbs, Vector Analysis, New Haven
(1881-4), p. 57.
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will be called a tensor of rank 2, if they transform in the same way as
D2y 1y Ty QiTay T1Ga, Tifisy PaTsy PrGey Gafa-

So far we have considered only tensors which have invariant
properties with respect to the rotations of a system of orthogonal
co-ordinate axes in three-dimensional space. This theory was
generalised into a tensor-calculus applicable to transformations in
curved space of any number of dimensions by Gregorio Ricci-
Curbastro (1853-1925) of Padua, from 1887 onwards: it first
became widely known when a celebrated memoir describing it was
published in 1900 by Ricci and Levi-Civita.

Let %, x5, . . . xa be any ‘ generalised co-ordinates ’ specifying
the position of a point in space of # dimensions. Let z new variables
X1, X3, - . . %a be introduced by arbitrary equations

Xr=fr(%1, %oy« « « Xn) (r=1,2,...n). N

Then the differentials of the co-ordinates are transformed according
to the equations

dxr=,§187kdxk (r=1,2,. . .n).

At a point P of the n-dimensional space we can consider various types
of quantities analogous to the scalars, vectors and tensors that we
have already considered.

Firstly, there may be a function of position whose value is un-
chan%ed when we perform the transformation (1). Such a function
is called a scalar, or tensor of rank zero.

Secondly, we consider a set of » numbers (Vi, V2, ., . V7,
which are defined with respect to all co-ordinate systems and which,
when we perform the transformation (1), are transformed in the
same way as the dx-, so that

X 77 - a’-Cr k
| g el
v Zl aka
whence

y_ i 3xr"k _
A% —ZlaEkV (r=1,2,...n).
Such a set of » numbers is called a contravariant tensor of rank 1, or
contravariant vector, and the numbers are called its components.

Next, consider sets of n numbers (X,, X,, .". . Xa), which
are such that if (Vi V2, . . . V#) is any contravariant tensor of
rank 1, the sum X, V1+X,V2+ . +Xa,V" is a scalar. Such

' Math, Ann. liv (1900), p. 125 ; cf. J. A. Schouten, Fahresb. d. Deutsch. Math.-Verein.
axxii (1923), p. 91 )
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a set of # numbers is called a covariant tensor of rank 1 or covariant
veclor.
Since

S XVi=S XV =3 X3 oA,
k r r k Xk
we have

_r— - 0xr
Xi=2 %Xr, whence X = > %, X,

The covariant or contravariant character is indicated by placing the
index in the lower or upper position respectively. In Euclidean
space, for rotations of rectangular axes, there is no distinction
between contravariant and covariant tensors.

If, at the point P of the n-dimensional space, we have n* numbers
(v, vz, . . . V") which, when we perform the transformation
of co-ordinates, are transformed like (PQ!, P:Q2, . .. P"Qm),
where (P, . .. P") and (QY, ... Q") are two different contra-
variant tensors of rank 1, then (V, Vi, ... V") are said to
be the components of a contravariant tensor of rank 2. Similarly n?
numbers (X5, Xis, . . . Xan) which transform like (XIYI,_ X,Y,,
.« . XaYa) where (X; . . . Xys) and (Y,, . . . Ya) are two different
covariant tensors of rank 1, are said to be the components of a
covariant tensor of rank 2 ; while n? numbers (W*;, W1, W2, | | W*)
which transform like (P*X,, PX,, P*X,, . . . P"X.) where (P?, P2,
. . . P") is a contravariant tensor of rank 1 and (X,, X,,. . . X,)
is a covariant tensor of rank 1, is called a muxed tensor of rank 2.
Tensors of rank greater than 2 are defined in a similar way. A

tensor whose typical component is, say, X5, is often denoted by
(X7)-

rs

Consider a tensor such that any two of its components, which
may be obtained from each other by a simple interchange of two
indices, are equal to each other ; thus, V= V?", If this property
holds for any one system of co-ordinates, it will still hold after any
change of the co-ordinate system, as is evident from the equations
of transformation. Such a tensor is said to be symmetric. If a tensor
is such that two components which may be derived from each other
by a simple interchange of two indices are equal in magnitude but
opposite in sign, thus V= —V?, the tensor is said to be skew.

is property also holds in all systems of co-ordinates, provided it
holds in any one system.

‘Two tensors of the same kind (contravariant, covariant or mixed)
and of the same rank, are said to be equal if their corresponding

. components are equal in all co-ordinate systems. This is the case

if the corresponding components are equal in any one co-ordinate
system. .
Consider the transformation of tensors when the co-ordinates
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are subjected to the particular Lorentz transformation (writing
cb=%y, X=X1, P=Xs Z=X3)
dxe=d%, cosh a4 d?c,_sinh a, dx,=d¥%,sinh a4 dx, cosh q,
dxg=dx2, dx3=d}8'
It is found at once that :

Jor any contravariant vector :

Jo=J° cosh a+J* sinh a, J*=J0 sinh a+J* cosh a, J2=J7, Jo =T,
for any covariant vector :

Jo=Jo cosh a~J, sinh a, J;= —Jo sinh a4+ J; cosh a, Jo=Js, Jo=Js
for any covariant symmetric tensor of rank 2 :

Xoo = X0 cosh? a+ 2X,, cosh a sinh a+ X, sinh? a

5_(.“ =X sin__l_l_2 a+ 2X,; inh aiosh a+ X,; cosh? a

2<_22 =>_<22, Xaa = Xsa, X32 = Xzs = Xza

X0 =Xo1 = Xgo cosh a sinh a+ X,; (cosh? a+sinh? a) + X,

ivd . sinh a cosh a
20 = Xo2 = X cOsh a+ X,; sinh a

Xso=Xo3=Xqs cosh a+ Xy5 sinh a
§1,=}_(,1=X02 sinh a+ X,; cosh a
X3 = X3, =Xys sinh a+ X;; cosh a

gl

i

for any covariant skew tensor of rank 2 :

X1 =Xo1, Xog=Xes cosh a+ X, sinh a, Xo3=X,; cosh a

—_— — . — + Xla Sinh a
Xoa=X,3, Xg1=2Xjs, cosh a+ X;, sinh a, X13=X12 cosh a

+ Xog Sin}; a
It is evident from these last equations that a six-vector,! such as is

constituted by the electric and .magnetic intensities in vacuo, is a
skew tensor of rank 2. We can write

Xm = dz, in = dy, Xsu = dz, Xn = ha:, Xu = hy, X" = h,

From the definition of a tensor, it is evident that if two tensors

of the same type are taken, say (XD, and (Y:;), then the quantities
formed by adding corresponding components of these tensors

Z7_X? 1 Y?
are the components of a tensor of the same type, which is called the

sum of the tensors (X:) and (Y,f).

tef.p. 35
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Moreover it is evident from the definitions that if two tensors,
say of rank A and rank p, are given in n-dimensional space, and if
we multiply each of the n* components of one by each of the »#
components of the other, then the #n*+# products so formed are the
components of a new tensor of rank (A+ p), thus :

X, Yr=U,

ijra®

The tensor (U,.j':,) is called the outer product of the tensors (Xy)

and (Y,f). It may properly be called a product, since the distri-

butive law
XY +2)=XY+XZ

holds. We can form in this way the outer product of any number
of tensors.

An arbitrary tensor cannot in general be expressed as an outer
product of tensors of rank 1, since there would not be enough
quantities at our disposal to satisfy all the conditions. Thus, if

2y . . .
a tensor (X") is given, we cannot in general find tensors of rank

1 (Y), (Zs), and (V?), such that

X =Y, Z, VP (p,r,s=1,2 ...m):

but the sum of any number of outer products of this type will be a
tensor of the type (X:;) ; and by taking the number of such products
sufficiently great, we shall have enough quantities at our disposal
to represent any tensor (X,’;) in the form

X:=Yr Zs Vp+Hr KJ LP+E1 Fs Gﬂ+ LA

Next consider a tensor which has both contravariant and covariant

- . Ik . . .
indices, e.g. (XW) Make one of the upper or contravariant indices
identical with one of the lower or covariant indices, and sum with
respect to this index, thus :

n

Pk
z qur'
p=1

Then we can show that the numbers thus obtained, when k, ¢, r=1,2 .. . n,
are the components of a new tensor (Y :r), which is two units lower in

rank than (Xpl:r) To prove this, we remark that (X;:r) can be
expressed as a sum of outer products of tensors of rank 1, and the
theorem will therefore evidently be true in general if it is true for
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the case when (X;:,) is a single outer product of tensors of rank
1, say
ik
X =

T

Y, Z, T, U' V&,

Then we have

n n
k
> X2 =3 (Y,U7) ZT.VE:
p=1 p=1
n
and since > T,U? is a scalar, these quantities are the components
p=1
of a tensor of type (Y:,) ;  which establishes the theorem. This
process is called contraction.
By forming the outer product of any number of tensors, and then
contracting (once or oftener) the tensor thereby obtained, we obtain
results such as

abc ... st ... aBy...lmn ... rst ... lmn.
> (XC Ty ) -7 ’

abe, . .. aBy . .. afy. .. por ... abe ... jhk .. poT . . . Jhk ...

This process is called transvection.

The spaces we consider will generally be supposed each to possess
a metric, that is to say, there will be an equation expressing an element
ds of arc-length at any point of the space in terms of the infinitesimal
differences of the co-ordinates between the ends of the arc-element :
thus in ordinary Euclidean three-dimensional space with rectangular
co-ordinates (x, y, z), we have

(ds)*= (dx)* + (d)* + (d2)%,
and with spherical-polar co-ordinates (r, 6, ¢), we have
(ds)? = (dr)2+r2(d0)® +r* sin*6(d¢)>.

We assume generally that the square of the line-element ds is
a homogeneous quadratic form in the differentials of the co-ordinates.
These differentials will be written (dx, dx?, . . . dx"), the index
being placed above since (dx!, . . . dx") is a contravariant vector :
thus
(ds)®= > gpedxPdal.

f2%'4

Since (ds)? is a scalar, it is obvious from this equation that the
numbers gp; (p, g=1, 2, . . . n) must be the components of a co-
variant symmetric tensor of rank 2, (gsg) ; this is called the covariant
fundamental tensor. 6

2
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Let g denote the determinant ||gs|| of the coefficients gy, and
let gP? denote (1/g) times the co-factor of gy, in g, so that > gprgP =59,
where 8,7 is equal to 1 or 0 according as ¢ is equal t(f,=lor different
from, 7. Then

Z gqsgprgpq = Z gqssrq =&rs.
q

p9q

Now if Xp and Yp are two arbitrary covariant vectors, and if
Xp= z gerr
r

so that X" is a contravariant vector, we have

> 8K Y, = £,,8,8" XY’
"

pgre
=2 2.XY’

which is a scalar: and therefore the g?? are the components of a
contravariant tensor of rank 2. It is called the contravariant funda-
mental lensor.

Moreover, if U? is a contravariant vector, and X, is any covariant
vector, we have

2 8’U™X,= > UPX,=a scalar
re ?

and therefore (8,) is a tensor of rank 2, covariant with respect to
the index p and contravariant with respect to the index ¢. It is
called the mixed fundamental tensor.

By aid of the fundamental tensor (g*?) we can derive from any
covariant tensor (X p ...p,) a contravariant tensor of the same
rank by writing

€ q ... PO P .. P 7
X m= Z grr g gmmXplp.---pm
Py P2 - - - P
It is easily shown that this equation is equivalent to
29 +..9
=3 1 m
Xplpl e pm z gplql gpiql °e gpmqm X '

Qs 92 - - Oy

Thus to every contravariant tensor we can correlate a definite
covariant tensor ; and we may say that the distinction between
covariant and contravariant tensors loses most of its importance
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when the fundamental tensor is given, i.e. in a metrical space, since
it is not the tensors that are essentially different, but only their
mode of expression, i.e. their components. For example, we regard
(%), (gm), and (3,7, as essentially the same tensor.

If two vectors (X) and (Y) are such that when (X) is expressed
in covariant form (X,) and the other in contravariant form (Y?),
we have

> X,Y?=0,
P

then the two vectors are said to be orthogonal.

After this rather long excursus on Ricci’s tensor calculus, we can
return to physics. A contribution of great importance to relativity
theory was made in 1908 by Hermann Minkowski (1864-1909).t
Its ostensible purpose, as indicated in its title, was to show that the
differential equations of the electromagnetic field in moving ponder-
able bodies under the most general conditions (e.g. of magnetisation)
can be derived from the differential equations for the same system
of bodies at rest, by the principle of relativity : and to criticise some
of the formulae that had been given by Lorentz. But these were
not actually the most important elements in the paper; the great
advances made by Minkowski 2 were connected with his formulation
of physics in terms of a four-dimensional manifold, the use of tensors
in this manifold, and the discovery of some of the more important
of these tensors.?

The phenomena studied in natural philosophy take place each
at a definite location at a definite moment, the whole constituting
a four-dimensional world of space and time. The theory of relativity
had now made it clear that the separation of this four-dimensional
world into a three-dimensional world of space and an independent
one-dimensional world of time may be effected in an infinite number
of ways, each of which is distinguished from the others only by
characteristics that are merely arbitrary and accidental. In
order to represent natural phenomena without introducing this
contingent element, it is necessary to abandon the customary
three-dimensional system of co-ordinates, and to operate in four
dimensions.

If (¢, %1, y1, 20) and (&, x5, ¥, Zp) are the time-and-space co-

1 Gaott. Nackh. (1908), p. 53 ; cf. also Math. Ann. Ixviii (1910), p. 472
* Minkowski had been to some extent anticipated by Poincaré, who had substantially
introduced the metric

d' = —di* —dyt—ded = — 3 dn?
r=1

(where x; =%, x; =%, x, =2, x, =ct v/ — 1) in Rend. circ. Palermo, xxi (1906), p. 129.

* The pn'ncip{: of treating the time co-ordinate on the same level as the other
co-ordinates was introduced and developed simultaneously with Minkowski’s paper by
R. Hargreaves, [Camb. Phil. Trans. xxi (1908), p. 107] : his work suggests the use of
space-time vectors just as Minkowski’s does. For comments on this point, cf. H. Bateman,
Phys. Rev. xii (1918), p. 459.
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ordinates of two point-events referred to an inertial system, then,
as we have seen, the expression

(ta—2)® —cl’{(x,—xl)”+ (s —01)2 + (za—zl)’}

is invariant under all Lorentz transformations, and therefore has
the same value whatever be the inertial framework of reference. 'This
quantity is therefore an invariant of the two point-events, which
is the same for all observers : and we can make our four-dimensional
space-time suited to describe nature when we impose a metric on it,
which we do by taking the interval (the four-dimensional analogue of
length) between the two events (¢, %1, 31, 21) and (£, %3, ¥, 22) to be

[t s s e

Taking any point in the four-dimensional manifold as origin, the cone
X2 yR4 22— 22 =0

which is called the null cone, partitions space-time into two regions,
of which one is defined by the inequality

62t2<x2+y2+zﬂ

and includes the hyperplane ¢=0: the directions at the origin
satisfying this inequality are said to be spatial : directions at the
origin in the other region are said to be femporal. Lorentz trans-
formations are simply the rotations and translations in this manifold.

Now consider tensors in the manifold.

Minkowski had not properly assimilated the Ricci tensor-
calculus as applied to non-Euclidean manifolds, and in order to
be able to work with a space of Euclidean type, he used the device
of writing x, for ¢t/ —1 (the space-co-ordinates being denoted by
X1, X3, %3), sO that the expression

(dx)* + (y)* + (dz)? — c*(dt)*
which is invariant under all Lorentz transformations, became

(dx1)? + (dxs)® + (dxs)® + (dxy)? :
* The metric of space-time thus introduced is that of a four-dimensional Cayley-
Kiein manifold which has for absolute (in homogeneous co-ordinates)
x‘+y’+z”—c’t“ = 0
w? = 0

a double hyperplane at infinity containing a quadric hypersurface, which is real but with
imaginary generators, like an ordinary sphere.
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this enabled him to take as his metric
(ds)? = (dxy)® + (dx)? + (dxs)? + (dx,)®

which defines a four-dimensional Euclidean manifold.!

It is, however, simpler to work with the real value of the time,
and to express Minkowski’s results in terms of tensors which exist
in the non-Euclidean four-dimensional manifold we have introduced,
whose metric is specified by

(ds)® =c*(dt)® = (dx)? ~ (dy)* — (d2)*
which we may write
(ds)? = (dxe)? — (dit)? — (dx*)* — (dx*)"
$O
gu=gn=gu=—1,
g11=g22=g3s= -1.

Zoo= 1,
goo=1’

His greatest discovery % was that at any point in the electromagnetic
field in vacuo there exists a tensor of rank 2 of outstanding physical
importance, which in its mixed form (E,?) may be defined by the
equation

1 af 1 qt

q q

E, _16778” zaﬂ XaﬂX i 2‘ XX

where X,, is the electromagnetic six-vector, that is to say, if

(dey dy, d:) and (he, hy, h.) are the electric and magnetic intensities
respectively, then?

de=X"= —X,,
hx = ){23 = Xga,

dz = }(03 = - Xoa
hg = }(1z = Xlg-

dy = on: - XJE’
hy = XSI = Xab

Substituting in the equation which defines E,?, we find the values of
the components of this tensor, namely,

E,l= gl_ (d?+d?+d2+h? + R+ R s
T

this represents the density of electromagnetic energy, discovered by
W. Thomson (Kelvin) in 1853 ¢;

1 1 1
Eol = 4;(dyhz - dzhy), Eo2 = E(dzhz - dzhz), an e 7‘7’7 (dz'}ly -— dyhz) :
1+ Minkowski’s use of x,=ct4/ — | led some philosophers to an outpouring of meta-
physical nonsense about time being an imaginary fourth dimension of space.
% loc. cit., equation (74)
3 Xpg is immediately derived from X*? by the formula
Xpg=2 gps gat X*.
ts

¢ of. Vol. I, pp. 222, 224
66
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(Eo'y Eo?, Eg*) represents (1/c) times the flux of electromagnetic
energy, discovered by Poynting and Heaviside in 1884 *;

1 1
Byt = — 4 (dyhs— deby), B = — L (dihy — o), B0 _% (dehy — dyhe) :

(-E:° ~E° —E,°) represents ¢ times the density of electro-
magnetic momentum, discovered by J. J. Thomson in 1893 2;

1 2 L] 2 3 2 2
E11=§7—T(dz -—dy —d; +hz —hy _hl),
and similarly for E. and E;
Eas = Es2 = a%(dydl + h}'h‘))
and similarly for E;2, E,3, E.%, E,.

The nine quantities

E2 Eg Eg
E;* E,* E,
E® Eg2# Egs

represent the components of stress in the aether, discovered by
Maxwell in 1873.3 'Thus, each component of the tensor Ep* has a physical
interpretation, which in every case had been discovered many years
before Minkowski showed that these 16 components constitute a
tensor of rank 2. The tensor E,? is called the energy fensor of the
electromagnetic field.

Since Egp=> gprE," = g4,E,? for this metric, we have

Eop = E’, Ep=— E.?, Egp=— Es?, Egp=— Esp’

and henqe we find Eq =E,, and generally Ep, = Ep, that is, Ep, is
a symmetric lensor.
_ Moreover we can show that if p is the density of electricity and
v its velocity, then
OE,* | 9Eq! 8E02+8E03
ox°  oxt Ox® ' ox®

7 O 8E11+8E12 oE3
ox®  Ox*  Ox? ox®

= - %(Z}xdx + Uydy + vldl)

= f (dx + vy}lx - Uzhy)

A)
oE,*  0E,!  OE,*  0JE;? (
ﬁék% + 3:6i + axi + ax?" - /ci(dy-i_vxhx—vxhz)

OE;"  0E;1 JE,® OE,®

o T ol o T e % (ds + vshy — vyhs).

' of. Vol. I, pp. 313-4 * of. Vol. 1, p. 317
67
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The first of these equations is

8 1 g 2 2 2 2 2 a 1 —dz
@g;r(dz +di+di 4 b+ Ry +hz)+~a}4ﬂ_(dyh2 d;zy)l
o1
9 2 (dohe — dih) + 5~ 5~ (dehy — dyhz
+@y47'r(dh )+6z;4-7r( y — dyha)

= — % (v2ds+ vydy + v:d:)

or

2/0t (density of electromagnetic energy) + o/0x (x-component of flux
of electromagnetic energy + /9y (y-component of flux of electro-
magnetic energy) +8/8z (z-component of flux of electromagnetic

energy)
= — p(vzdz + vydy + Z}zdz)

or

rate of increase of electromagnetic energy in unit volume + rate at
which energy is leaving unit volume )

= — (work done by the electromagnetic forces on electric charges
within the unit volume) ) .

and this is clearly nothing but the equation of conservation of energy.
Similarly the other three of the equations (A) are the equations
of conservation of x-momentum, y-momentum and zZ-momentum
respectively.! ) ) ) .

In an appendix to his paper,? Minkowski threw a new light on
the equations of the relativistic dynamics of a material particle,
which had been discovered by Planck two years earlier.? Denoting
by (x, 3, z) the co-ordinates of the particle at the instant ¢, he intro-
duced the notion of the proper-time = of the particle, whose differential
is defined by the equation

(dr)2 = (dt)* _%Wx)u (&) + (d2)?}

It is evident from this equation that dr is invariant under all Lorentz
transformations of (¢, x, », ), i.€. it is, in the language of the tensor-
calculus, a scalar. Now writing x°=cf, #'=x, x*=y, #°=2, we
know that

(dx*, dx', dx?, dx®)

1 On the energy tensor cf, also A. Sommerfeld, Ann. d. Phys. xxxii ( 1910), p. 749;
xxxiii (1910), p. 649 ; and M. Abraham, Palermo Rend. xxx (1910), p. 33
* Joc. cit. ’ 3 of p. 44
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is a contravariant vector, and therefore

(& &, &, i)
dT,dT’dT,dT

1s a contravariant vector. But

dr _1 (1 _ 92)‘%’
de® ¢ 2]’
where v denotes the velocity of the particle. Therefore
c Ux Uy Vs
2\’ 2\’ 02\’
(e I (B B (B
are the components of a contravariant vector.
Now Planck had shown that if m is the mass of the particle, its

energy E is mc?(1 —v%/c®)~t, and its components of momentum are

muoy muog

br=—F s, =, =
V-3 T v (-8

(E/C’ Px» py, Pl)

Thus

is a contravariant vector. This is called the energy-momentum
vector.

The Newtonian and relativist definitions of force may be compared
asfollows. InNewtonian physics the momentum (pz, fy, p:) is a vector
and the time ¢ is a scalar, so dp./dt, dpy/dt, dps/dt is a vector, namely,
the Newtonian force. In relativist physics, as we have seen, instead
of a momentum vector (pz, py, p:), we have the contravariant
energy-momentum vector (Ef¢, pz, py, pz), or in its covariant form
(Ele, —pzy —py, — pzt), and the scalar which takes the place of the
time is the interval of proper-time,

1
2

dr=[ (@) - cl—z{(dx)’+ (d)*+ (dz)'}] :

Thus it is natural to represent a force in relativity by the covariant
vector

N
(Fi) = ( ¢ dr’ dr’ dt’ do /)
(995) 69 8
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Now the equations of motion of a particle, as found by Planck, were

éf( _lf)‘%‘ 41“}_ d ( Jf)‘% b\ _
mal\l=a) " =% mdt{ L= dt} Y,
df( Jf)‘% d%}_
mal\ " a) g%

dpx . (Z'Py _ dpz —
%= atY at

or

Comparing these results, we see that we must take the last three
components of the relativist force to be

-1 -1 -1
F1=(1—’;—:) P X, F2=(1—’;—Z) 'y, F3=(1—:-:> vy,
and then the last three relativist equations of motion will be

@=Fh di};=F2, m

d*z
m A=t de 7 =F3-

dr?
Since
(d2t d’x  d% d?z)

Ci T T A e

is a covariant vector, the first relativist equation of motion must
evidently be

d*t
—me Fate F..

This completes Minkowski’s set of equations of motion. 'The last equation
may be written
mc? @t dE
dr* dt’

where E is the energy ; which is evidently true, since E =mc* dt/dr.

Since
dE = Xdx + Yd)’ + Zdz:
we have
-1
(1-5) 7 dE-Fuds + Fudy+ Fude
or

-1
~ar(1-0)} Fu=Fudr+ Fup+ Fad

1
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or
Fo(:dt + F]dx + ng)"l‘ Fsdz = 0

an equation which may be expressed geometrically by the statement
that the. vector (Fo, ¥y, Fo, F3) is orthogonal to the vector which represents
the velocity of the particle, namely,

(2, % 9 &)
dv dr d7 dr
We can now obtain a simple expression for the ponderomotive

force on a particle of charge ¢ and velocity v in electromagnetic theory.
In Newtonian physics the three components are

hedy hydz ( hedz he ds hy dx by d
de 2Dy &L A 0L _1ts 0X By ax _Nx
e( te A e dt)’ \b+ 7T G dt)’ e(d‘+c df?}ii;)'

The corresponding force in relativity theory will have for its last
three components these quantities multiplied by d¢/dr. So if the
relativist force is (F:), we have

dt d d
Famt (& G+t =) =1 (Kio Vo Xt Vi X V)

d dx d d
where e =( d dx dy a é)
T ( ) cd’T’ d’T’ d»-r, d,.r
is the contravariant vector representing the relativist velocit
the particle. This may be written 8 city of

F1=§z X:qvq
q
and similarly we have

F.=i3 X, V7, Fo=I5 X, Ve,
q q

These are the last three components of the covariant vector which
Is obtained by transvecting the electromagnetic six-vector X,, with
the particle’s velocity V,. Clearly the first component of the force

must be the first component of this transvectant : and therefore the
relativist force on a particle of charge e and velocity Vq is

[4
Fe=73 X, V*

The fact that energy-density occurs as the component E,°
of Minkowski’s energy-tensor, while energy occurs as the first
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component of his energy-momentum vector, leads naturally to an
inquiry into the connection between these two tensors. This can
be investigated as follows.

Consider a system occupying a finite volume and involving energy
of any kind (e.g. electromagnetic energy, or stress-energy, or gravita-
tional energy) for which we can define an energy tensor Tp! such
that T, is the energy-density, (To', To?, T¢*) is (1/c) times the flux
of the energy, (T,°, T,° T,°) is (—¢) times the density of momentum,
and (Ty, Ty, Tg, T3, T, Ti3, Ty, Ty, Ty?) are the components
of flux of momentum, just as in the case of Minkowski’s energy-
tensor of the electromagnetic field in vacuo : and suppose that the
following conditions are satisfied :

(i) the system is rigidly-connected, and is considered in the first
place as being at rest :
(ii) its state does no vary with the time :
(1i) there is conservation of momentum, so
1 2 o 3
a1, a1y +0?1 =0 (7= 1, 2, 3) (l)
ox oy 0z

(iv) there is no flux of energy in the state of rest, so

T, =0, T,/=0 (r=1,2,3). (2)
From (1) we have

“jTlldx & d.zzm{ 2+ %(xT#) + ;ié (lef‘)}dx b dz

where the integration is taken over the whole volume occupied by
the system and therefore

mTlldx dy dz— Hx(lTll +mTy? 4+ aT)dS

where the last integral is taken over a surface S enclosing the whole
system, and (/, m, n) are the direction-cosines of the outward-drawn
normal to S.

If we suppose the surface S so large that it includes the whole
of the space in which there are any sensible effects due to the system,
then T,? is zero on S, and therefore the last integral vanishes : so
we have

MTlldx dy dz=0. 3)

Now suppose that (¢, %, y, 2) is the frame of reference relative to
which the system is at rest, and let (7, x, 5, Z) be a frame of reference
such that relative to it, the system is in motion parallel to the axis
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of ¥ with velocity w=c tanh a. The axes of %, J, Z, are taken to be
parallel to the axes of x, y, z respectively. Then the two sets of
co-ordinates are connected by the equations

t=1cosh a— (¥/c) sinh a
x=x cosh a—¢f sinh a
I=r Z=2
and the equations of transformation of the mixed tensor T,? give
= ) 1 .
To*= cosh?a Ty —¢ sinha cosha T,°+ p cosha sinha T,! —sinh?a T,;?

=cosh?a T,° —sinh?2a T}

by (2). Thus

j”To“ dx dy dz =“‘J‘(cosh2a Ty —sinh?a T\Y)d% dy dZ
=.”j(cosh2a To®—sinh?a T!) sech a dx dy dz,

since 9(x, y, 2)/9(X, 3, Z) =cosh a, it being understood that %, ¥, Z are
measured over the field at a constant value of . So by (3),

jﬂToo d% dj d5 — cosh amToo dx dy dz.

Now let U=”J‘To° dx dy dz, so U represents the total energy of the

system when at rest. Then since cosh a= (1 —w?/c?)-4, the result now
becomes :

Total energy associated with the moving system =U (1 — w?/c?)-t,

This may be regarded as an extension, to systems of finite size, of
the formula that in relativity theory the energy of a particle of
proper-mass m, moving with velocity w, is

me?

)

Now consider the momentum. The equation of transformation
of a mixed tensor of rank 2 gives

= 1 . 1
T0= — ; sinha cosha T+ 7 cosha sinha T,1,
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since T, and T, are zero. Therefore

MT &% & dZ= — sinh a cosh am (To? =T di d5 dZ

I

~1 sinh aM(Too_Tll) dx dy dz

_16 sinh aMToo dx dy dz, by (3)
_ wU
N

02

Now —T,° represents the density of ¥-momentum. Therefore the
total momentum of the moving system parallel to the x-axis is

_w U
v(1-4)"

This may be regarded as an extension, to systems of finite size, of
the formula for the x-component of momentum of a particle.

The above analysis shows how the components of the energy-
momentum vector (now no longer restricted by the condition that
it is to apply only to a single garticle) can be derived from those
of the energy-tensor. It is evident that whereas the energy-tensor
is localised (i.e. each of its components is a function of position in
space), the energy-momentum vector is not localised.!

Before the discovery of relativity theory, physicists were accus-
tomed to think of energy not as a component of a tensor, but as a
scalar : and indeed even in relativity theory, energy as observed by
a particular observer is a scalar. For let an observer be moving along
the axis of x with velocity o, so that the covariant vector representing
his velocity, namely, :

dt dx dy dz
(C E’"E’—E’—E) or (fo, fl: fza fa)

is given by
1 2\ -1
§o= ( —gz) 2: §1=—I)(1—%) 2! £2=O, §3=0'

1 On the relation of the energy-momentum vector of a particle to the energy-tensor
of a continuous field, see further H. P. Robertson, Proc. Edin. Math. Soc.(2) v (1937),
p. 63, and M. Mathisson, Proc. Camb. Phil. Soc. xxxvi (1940), p. 331.
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Let a particle of proper-mass m be moving in the same straight line
with velocity w, so that its contravariant energy-momentum vector is

The transvectant of these vectors, namely, £m°+ &'+ Exm? + €,
is a scalar : its value is

m(c*— vw)( - IC}—:)_% ( - zf)‘%. (A)

Now the relative velocity of the particle and the observer is, by the
relativist formula,

and the energy of a particle moving with this velocity relative to
the axes of reference is

el

(1 —vw/c?

which reduces at once to the expression (A). Thus we see that the
energy of an observed particle may properly be regarded as a scalar, being the
transvectant of the particle’s energy-momentum vector and the observer’s
velocity.

A vector which is of importance in electromagnetic theory may
be introduced in the following way. We have seen that the electric
intensity (d., dy, d:) and the magnetic intensity (4, 4y, %), at a point
in free aether, are parts of a six-vector

dz == Xm‘, dy = on, dz = XOB’ }lz = XZS’ }ly = XSl, hz = Xll.

Now if ¢ is the electric potential, and (az, a4, 4:) the vector-potential,
we have
o oa da; oa
dz = i = ==
ox  cor he oy oz

and four similar equations. The question therefore suggests itself|
what is the character of the potential ¢, 4., ay, 4., from the point
of view of the tensor-calculus ? The answer, which is easily verified
by examining the effects of Lorentz transformations, is that if

¢0=¢’ ¢‘= — da, ¢8= —ay, ¢s= — A,
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then (o, b1, e, bs) is a covariant vector : its connection with the six-
vector is given by the equations

Kpg= b2 _ 0%

ox?  ox”

It was discovered in 1915 by D. Hilbert ! that the energy-tensor
of a system can be expressed in terms of the Lagrangean function of
the system. This theorem was developed further by E. Schrédinger 2
?rﬁl H. Bateman ® in 1927 : the rule was given by Schrédinger as
ollows :

Let (a,, a1, as, as) be one of the four-vectors on which the Lagrangean
L depends (as e.g. the Lagrangean in electromagnetic theory depends
on the electromagnetic potential-vector), and let apq denote the derivative
of ap with respect lo the co-ordinate xq: then the components of the energy-
lensor are given by

! E E o E - =) —-3,7
Ep = <' Odtp + ‘ Oapt 7 qt+dp 7 . ? L,

oa tg

where 8,9=0 or 1 according as q is, or is not, different from p, and the
summation is taken over all the four-vectors a.

For example, consider the electromagnetic field in free aether,
for which the Lagrangean function is

L= —l— (dz2 +dy' + de —hit — hy' — hﬂg):
8n

or, if (ay, a1, a», ;) denotes the covariant electromagnetic potential
vector,

Lt ) (L e (o )
. . (-aera) Hmra) *amta 1
=g;,¢ day GaN\t [ fay. a0\ ( Bas da)\t |
(-5 (-G iy (- hre)

from this we have
L 1 Xk

dam 4w

1 Gétt. Nach. (1915), p. 395 ; cf. also F. Klein, Gitt, Nach. (1917), p. 469 and Hilbert,
Math. Ann. xcii (1924), p. 1

* Ann. d. Phys. boodi (1927), p. 265

® Proc. Nat. Acad. Sci. xiii (1927), p. 326
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Thus Schrédinger’s formula gives

1 & 1 2 aa
7 1 il "¢ Ter X _

B 2 s TIn 2w o L
__1 3a,,_3a;) ¢ _§ ¢
——417,(@7, o) X L

1

1
= =72 X X" o

8,72 Xop Xeb
a B

which is the usual formula for Minkowski’s energy tensor.
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Chapter III

THE BEGINNINGS OF QUANTUM THEORY

At the end of the nineteenth century the theory of radiation was
in a most unsatisfactory state. For the energy per cm.® of pure-
temperature or black-body radiation, in the range of wave-lengths
from A to A+ dA, two different formulae had been proposed. Firstly,
that of Wien,!

E = CA %"

where A is wave-length, T is absolute temperature, and 4 and C are
constants. This formula is asymptotically correct in the region of
short waves (more precisely, when AT is small) ; but, as O. Lummer
and E. Pringsheim showed,? is irreconcilable with the observational
results for long waves. Secondly, that of Rayleigh and Jeans ?

E =8=kTA™'dA

where % is Boltzmann’s constant ; which, as shown by the experiments
of Rubens and Kurlbaum,* is asymptotically correct for the long
waves, but is inapplicable at the other end of the spectrum. What
was wanted was a formula which for the extreme limits A >0 and
A— oo would tend asymptotically to Wien’s and Rayleigh’s formulae
respectively, and which would agree with the experimental values
over the whole range of wave-lengths.

In the spring and summer of 1900 attempts were made to con-
struct such a formula empirically by M. Thiesen,* by O. Lummer
and E. Jahnke,® and by O. Lummer and E. Pringsheim.” These
formulae were of the type

E = CT A 7# 00

which for u=5, v=1, gives Wien’s law, and for p=4, v=1, 6=0,
gives Rayleigh’s. )

The correct law was first given by Max Karl Ernst Ludwig Planck
(1858-1947) in a communication which was read on 19 October
1900 before the German Physical Society.® Planck was the son of

1 Vol. I, p. 381 t Verh. d. deutsch phys. Ges. i (1899), p. 215 ; ii (1900), p. 163
3 Vol. I, p. 384 ¢ loc. cit.

5 Verh. d. deutsch. phys. Ges. ii 51900), p. 65 ¢ Ann. d. Phys. iii (1900), p. 283
7 Verh. d. deutsch. phys. Ges. ii (1900), p. 163

S Verh. d. deutsch. phys. Ges. i (1900), p. 232
7
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a professor of law at Kiel, later translated to Munich ; he was
educated at the University of Munich, but for one year attended
the lectures of Helmholtz and Kirchhoff at Berlin. After four years
as professor extraordinarius at Kiel, he was called in 1889 to succeed
Kirchhoff at Berlin, where the rest of his academic life was spent.

In the study of pure-temperature radiation, his starting-point
was the known fact that in a hollow chamber at a given temperature,
the distribution of radiant energy among wave-lengths is altogether
independent of the material of which the chamber is composed ;
and he was therefore free to suppose the walls of the chamber to
have any constitution which was convenient for the calculations,
so long as they were capable of absorbing and emitting radiation,
and thereby making possible the exchange of energy between matter
and aether. He chose them to be of the simplest type imaginable,
namely an aggregate of Hertzian vibrators,’ each with one proper
frequency. Each vibrator absorbs energy from any surrounding
radiation which is nearly of its own proper frequency, and acts as
a resonator, emitting radiant energy.

He first calculated (by classical electrodynamics) the average
absorption and emission of a vibrator of frequency? v which is
immersed in, and statistically in equilibrium with, a field of radia-
tion, and found that if the average energy-density of the radiation,
in the interval of frequency v to v+ dv, is E, then 3

87TV2UdV’ (1)

63

E=

where U is the average energy of the vibrator.

While most of the other workers on radiation were attempting
to find the relations between energy, wave-length and temperature,
by direct methods, Planck, who was a master of thermodynamics,
felt that the concept of entropy must play a fundamental part : and
he examined the relation between the energy of a vibrator and its
entropy S, showing that if S is known as a function of U, then the
law of distribution of energy in the spectrum of pure-temperature
radiation can be determined.

We have, from thermodynamics, for a system of constant volume,

1
dS = ‘%,[—J or (% =T (2)

while Wien’s law of radiation, namely
E = av¥e=#Tdy

* This, of course, does not mean (as it has sometimes been wrongly interpreted to
mean) that actual matter necessarily has this character.

* It will be remembered that v is the number of oscillations in one second, that is,
¢ multiplied by the wave-number 1/A.

® Ann. d. Phys. i (1900), p. 69, equation (34) : Phys. S. i (1901), p. 530
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requires by (1) that we should have
U = yve#/T

where y is a constant : so by (2)

as _ 1 U
U= "B log v
whence
d*S _ Constant 3)
40 U

Planck had earlier attempted ! to give a proof of Wien’s law of
radiation based on this equation (3), which he obtained indepen-
dently by thermodynamical reasoning : but when confronted by
Lummer and Pringsheim’s experimental results he realised that
Wien’s could not be the true law of radiation ; and he now proposed
to modify (3), which he did by writing

PEN] a
U UBET0) ®

where o and B are constants. This is the simplest of all the expres-
sions which give dS/dU as a logarithmic function of U (as suggested by
the probability theory of entropy), and which for small values of
U agrees with equation (32. Moreover, if Rayleigh’s law of radiation
had been taken instead of Wien’s, we should have obtained

d*S _ Constant
dUz U

which again is a case of (4). From (4) we have, by (2),

1 dS _ (Const. + U)
T=J0= Const. log g

or
_ Const. (5)

- £Const./T _ 1'

This equation does not give the way in which the frequencg v enters
into the formula for U. But as Wien had shown in 1893,2 E must be
of the form T®¢(TA)dA, or v*4(v/T)dv, so by (1), U must be of

the form
U=w(2). (6)

' Berlin Sitz. xxv (1899), p. 443 * of. Vol. I, p. 380
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Thus equation (5) must have the form

U = Const.——

elv/I' -1

and therefore by (1) the average energy-density of the radiation
in the frequency-range » to v+ dv is

gy
E= iy ™

where g and [ are constants. This is Planck’s formula which agreed
with the experimental determinations of Lummer and Pringsheim,
and also of % Rubens and F. Kurlbaum,! and F. Paschen,? so well
that it soon displaced all other suggested laws of radiation.

It was, however, as yet hardly more than an empirical formula,
since equation (4) had no complete theoretical justification. This
defect was remedied on 14 December of the same year (1900), when
Planck read to the German Physical Society a paper ® which placed
his new law on a sound foundation, and in so doing created a new
branch of physics, the quantum theory.

He considered a system consisting of a large number of simple
Hertzian vibrators, in a hollow chamber enclosed by reflecting walls :
let N of the vibrators have the frequency v, N’ the frequency v’
and so on. Suppose that an amount A of energy is in the vibrators
of frequency v. Planck assumed that this energy is constituted of
equal discrete elements, each of amount e, and that there are
altogether P such elements in the N vibrators, so that

A =Pe.

Thus he assumed that the emission and absorption of radiation by
these vibrators takes place not continuously, but by jumps of
amount e.

Any distribution of these P elements among the N vibrators may
be called a complexion. The number of possible complexions is the
number of possible ways of distributing P objects among N containers,
when we do not take account of which particular objects lie in
particular containers, but only of the number contained in each.
This number is, by the ordinary theory of permutations and com-
binations,

(N+P-1)!
(N-I)IPI"

Y Berlin Sitz., 25 Oct. 1900, p. 929 * Ann. d. Phys. iv (1901), p. 277
8 Verh. deutsch. phys. Ges, ii (1900), p. 237. This and the paper of 19 October were
re-edited and printed in the new form in Ann. d. Phys. iv (1901), p. 553.
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As N and P are very large numbers, we can use Stirling’s approximate
value for the factorials, namely,

log {(z—1)B=(z—1) log 2—2+14 log (2m)
so the number of complexions is approximately

{ N }% (N4 P)¥+P
97P(N+P) NN PP -

We assume that all complexions have equal probability, so the
probability W of any state of the system of N vibrators is pro-
portional to the number of complexions corresponding to it ; that
15, with sufficient approximation for our present purpose, we have

log W= (N+P) log (N+P)-Nlog N-P log P.

Now the entropy in any state of a system depends on the inequality
of the distribution of the total energy among the individual members
of the system : and Boltzmann had shown by his work on the kinetic
theory of gases! that the entropy Sy in any state of a_system
such as these vibrators is closely connected with the probability
W of the state. Planck developed this discovery into the equation

Se=k log W (8)

where the thermodynamic probability W is always an integer, and &
denotes the gas-constant for one molecule, or Boltzmann constant.?
Thus

Sy=k(N+P) log (N+P)—N log N-P log P}.

Now P =NU /e, where U is the average, taken over the N oscillators,
of the energy of one of them. Thus, retaining only the most
important terms, and ignoring terms which do not involve U, we

have
s,,=kN{(1 + 9) log (1 +I—j) ~Yiog U}
€ € € €

1 ¢f. L. Boltzmann, Vorlesungen iiber Gastheorie, i (1896), §6. This is essentially Boltz-
mann’s ¢ H-theorem.’

2 cf. Vol. I, p. 382. With Boltzmann the factor & did not occur, since his calculations
referred not to individual molecules but to gramme-molecules, and with him the entropy
was undetermined as regards an additive constant (i.e. there was an undetermined factor
of proportionality in the probability W), whereas with Planck the entropy had a definite
absolute value. This was a step of fundamental importance, and, as we shall see, led
directly to the hypothesis of ¢ quanta.’ The occurrence of the logarithm in the formula
is explained by z'hpe circumstance that in compound systems a multiplication of proba-
bilities corresponds to an addition of entropies.
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so the entropy of a single oscillator of the set is

_ Sy I_J) ( U) u, U
5= k{(l+€ tog (14 7) - Y 10g e}
Thus from equation (2) above,
1 _d8 _kypetU
T-d0~ 8 U
or

€
U= oy 9)

But by equation (5) U must be of the form w)(v/T). This condition
can be satisfied only if

e=hv (10)

where £ is a constant independent of v. Thus the average energy of any
sumple-harmonic Hertzian vibrator of frequency v must be an integral multiple
gf hv, z;lnd the smallest amount of energy that can be emiltted or absorbed
)y 1t 15 hv.

From (9) and (10) we have

hv

T RT T

and therefore by (1) the average energy-density of black-body radiation
n the interval g jzequency between v and v+ dv is

8wh vy

87chA—SdA
E="amr 1 (1

3 IR i

which is Planck’s formula. This agrees with his earlier result (7),
but the constants which were unknown in (7) are now replaced by

h and £, which are important constants of nature and appear in many
other connections.

When v 0, the formula gives

E=87Ta,

= or E=8mkA-*TdA

which is Rayleigh’s law ; and when v - oo it gives
E= 8;——}1 Ve ¥y, or E=8mchA—® ¢ T\

which is Wien’s law, now expressed in terms of the constants % and .
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To obtain Wien’s displacement law,! we proceed as follows : Let
An denote the wave-length corresponding to the maximum ordinate
of a graph in which energy-density of radiation is plotted against
wave-length. Then by Planck’s formula (11), Am is the value of A
given by

d A8
0= o\ BT _1°
or
ch/ENT
0=-5+ 1 — gt

Let ¢ be the root of the equation

x

|
SO

g=4965114. . . .
Then
/Zc —

k7\mT - Q’

or

_ (he/k) _ 1-4384
AnT = g 4965114

cm. degree =0.28971 cm. degree,

which is Wien’s displacement law.

Planck determined the values of the constants 2 and & by com-
paring his formula (11) with the measurements of F. Kurlbaum 2
and O. Lummer and E. Pringsheim,? the results obtained being

h=6-55 %10~ erg. sec., k=1-346 x 10-*® ergs per degree.

He used this determination of £ in order to calculate the number
of molecules in a gramme-molecule (Avogadro’s number) ¢ : from
the equation

S—klog W

we can calculate the entropy of one gramme-molecule of an ideal
gas, and from this can derive thermodynamically the relation

_ANT
=

where ¢ denotes the pressure of the gas, V its volume, and N denotes
Avogadro’s number : this shows that if R is the absolute gas-constant,

then
R =kN.

! cf. Vol. I, p. 380
* Verh. d. deuisch phys. Ges. ii (1900), p. 176
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From the known values of R and &, Planck found

N=6-175x10% ;

this agreed satisfactorily with the value 6-40 x 10* which had been
given by O. E. Meyer.!

Moreover, the knowledge of N so obtained leads to a new method
of finding the charge of an electron. For the charge which is carried
in electrolysis by one gramme-ion, that is by N ions, was known, being
at that time believed to be 9,658 electromagnetic units. Thus if ¢
is the charge of an electron in electrostatic units, we have

Ne=9,658 x 3 x 101
which gives
e=4-69 x 10~ e.s.u.

J. J. Thomson had found ¢=6x 10~ es.u. two years earlier 2
Planck’s value was actually much nearer to the later determinations,
which gave approximately 4-77 x 10-° e.s.u.

Planck’s law made it possible to give a more accurate formulation
of the Stefan-Boltzmann law 2 for the total radiation per second from
unit surface of a black body at temperature T. For 4 the element
of this radiation in the range of wave-lengths A to A+dA is, by
Planck’s law

27he*A—SdA

ST _ ]

so the total radiation for all wave-lengths is

* A%dA

0 ghRAT _ |

2mwhe?

or
QWﬁJ‘m vidy
o T

e/ IkT _ 1

Now if B is the »'* Bernoullian number, we have

Bo=a £

oe?m — 1’

v Die Kinetische Theorie der Gase, 2 Aufl. (1899), p. 337; Planck’s actual result, Ann. 4.
Phys. IV (1901), p. 564, is that the number of oxygen molecules in 1 cm?® at 760 mm.

pressure and 15°C,, is 2-76. 107,
s cf. Vol. I, pp. 364-5 s cf. Vol. I, p. 374 ¢ Vol. I, p. 373
7
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whence, remembering that B, =1/30, we have
j’ sds 1
0e27P5 _ ] - 24,0p4'

Putting p=h/27kT, we see that the total radiation per second from unit
surface of a black body at temperature T is

27kt .
15¢243 L

this is the precise expression of the Stefan-Boltzmann formula in
terms of the universal constants ¢, 4 and £.

A deeper insight into the physical conceptions underlying Planck’s
law of radiation was furnished by a later proof of it.I As is well
known, in the kinetic theory of gases, it is shown that the probability
that for a particular molecule the x-component of velocity will lie
between u and u+du, its y-component of velocity between v and
v+dv and its z-component between % and w + dw, is

3
(QT’”_T)%—U/deu dv dw
ks

where m is the mass of the molecule, U its kinetic energy, & is Boltz-
mann’s constant, and T the absolute temperature. This result was
generalised by Josiah Willard Gibbs ? (1839-1903) into the following
theorem : if we consider a large number of similar dynamical
systems (which for simplicity we shall suppose to be linear oscillators),
which are in statistical equilibrium with a large reservoir of heat at
temperature T, and if ¢ 1s the co-ordinate in an oscillator (e.g. the
elongation of a vibrating electron) and p the momentum (defined
as 0L/0(dq/0t) where L is the kinetic potential), then the probability
that for any particular oscillator the co-ordinate lies between ¢ and
¢+ dgq and the momentum lies between p and p+dp is?

e~U*g dp
Je‘U/"qu dp

where U is the energy of the oscillator, and the integration is to be
taken over all possible values of ¢ and p.
The theorem corresponding to this in the quantum theory is that

t 4 Lorentz, Phys. ZS. xi (1910), p. 1234 ; F. Reiche, Die Quantentheorie (Berlin 1921),
Note
% Elementary Principles in Statistical Mechanics (New York, 1902)
® ‘This is Gibbs’s canonical distribution
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if the energy of an oscillator can take only the discrete set of values
U, Uy, Uy, U, . . ., then the probability that the energy of a
particular oscillator is U, is !

¢ USHT / S v,

=0

Thus if Us =shv for s=0, 1, 2, . . ., the probability is

g—shv/kT( 1- g—hv/kT).

The mean energy of an oscillator is therefore

(1 — g=hiIkT) > se=*m T,

which has the value

hv
FTY’

This leads at once, as before, to Planck’s formula that the energy-
density of black-body radiation in the frequency-interval from
viov+dvis

E=§7r_h vidy

3 T _ 1‘

Other derivations of the law, based on many different assumptions,
were given by various writers.? Some of them will be discussed
later.

The next important advance in quantum theory was made by
Einstein,® in the same volume of the Annalen der Physik as his papers

* If to an energy-level U there belongs a number g of permissible states, then the
level U; is said to be degenerate, and g, is called the weight of the state. Taking the
possibility of degenerate states into account, the above formula should be written

g,e” VT
B —UgkT
Y
s=0

! Special reference may be made to the following :

J. Larmor, Proc. R.8.(A), boxiii (1909), p. 82 ; P. Debye, Ann. d. Phys. xxxiii (1910),
p. 1427, comgleted by A. Rubinowicz, Phys. ZS. xviii (1917), p. 96 ; P. Franck, Phys.
LS. xiii (1912), p. 506 ; A. Einstein and O. Stern, Ann. d. Phys. x1 (1913), p. 551 ;
M. Wolfke, Verh. d. deutsch. phys. Ges. xv (1913), pp. 1123, 12157 Phys. ZS. xv (1914),
pp. 308, 463 ; A. Einstein, Phys. ZS. xviii (1917), p. 121 ; C. G. Darwin'and R. H. Fowler,
Phil. Mag. xliv (1922), pp. 450, 823 : Proc. Camb. Phil. Soc xxi (1922), p. 262 ; S. N. Bose,
Zsé'(l;'sp' xxvi (1924), p. 178, xxvii (1924), p. 384 ; A. 8. Eddington, Phil. Mag, 1 (1925),

p:
} Ann. d. Phys. xvii (1905), p. 132 : cf. also Ann. d. Phys. xx (1906), p. 199
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on the Brownian motion® and Relativity.? Einstein supposed
monochromatic radiation of frequency v and of small density (within
the range of values of v/T for which Wien’s formula of radiation is
applicable) to be contained in a hollow chamber of volume v, with

erfectly-reflecting walls, its total energy being E : and, investigating
gy use of Wien’s formula the dependence of the entropy on the
volume, he found for the difference of the entropies when the radia-
tion occupies the volume », and when it occupies a smaller volume
v, the equation

E% v
S-—So—z; log "

Now by inverting the Boltzmann-Planck relation

entropy = x logarithm of probability

he calculated the relative probability from the difference of entropies,
and found that the probability that at an arbitrarily-chosen instant
of time, the whole of the energy of the radiation should be contained
within a part » of the volume v,, is

E
(_g-) ’Tv.
Vo,

This formula he studied in the light of a known result in the kinetic
theory of gases, namely that if a gas contained in a volume v, consists
of n molecules, the probability that at an arbitrarily-chosen instant
of time, all the » molecules should be collected together within a
a part v of the volume, is
G
U—o .

Comparing these formulae, he inferred that the radiation behaves
as if 1t consisted of E/Av quanta of energy or photons,® each of amount
hv. The probability that all the photons are found at an arbitrary
instant in the part v of the volume 2, is the product of the prob-
abilities (2/z,) that a single one of them is in the part » : which shows
that they are completely independent of each other.

Now it will be remembered that according to Planck’s theory,
a vibrator of frequency v can emit or absorb energy only in multiples
of iv. Planck regarded the quantum property as belonging essen-
tially to the interaction between radiation and matter : free radiation
he supposed to consist of electromagnetic waves, in accordance with

tcf.p.9 ? cf. p. 40

* The word photon was actually introduced much later, namely, by G. N. Lewis,
Nature, 18 Dec., 1926 ; but it is so convenient that we shall adopt it now.
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Maxwell’s theory. Einstein in this paper put forward the hypothesis
that parcels of radiant energy of frequency v and amount Av occur
not only in emission and absorption, but that they have an inde-
pendent existence in the aether.

It was shown by P. Ehrenfest! of Leiden, by A. Joffé ? of St Peters-
burg, by L. Natanson?® of Cracow and by G. Krutkow* of Leiden
that Einstein’s hypothesis leads not to Planck’s law of radiation but
to Wien’s, at any rate if we assume that each of the light-quanta
or dphotons of frequency » has energy A and that they are completely
independent of each other. In order to obtain Planck’s formula it
is necessary to assume that the elementary photons of energy Av
form aggregates, or photo-molecules as we may call them, of energies
2hv, 3hv, . . ., respectively, and that the total energy of radiation
is distributed, on the average, in a regular manner between the
photons and the different kinds of photo-molecules. This will be
discussed more fully later.

Einstein applied his ideas in order to construct a theory of
photo-electricity.5 As we have seen,® in 1899 J. J. Thomson and
P. Lenard showed independently that the emission from a metal
irradiated by ultra-violet light consists of negative electrons : and
in 1902 Lenard,? continuing his researches, showed that the number
of electrons liberated is proportional to the intensity of the incident
light, so long as its frequency remains the same: and that the
initial velocity of the electrons is altogether independent of the
intensity of the light, but depends on its frequency.

Knowledge regarding photo-electricity had reached this stage
when in 1905 Einstein’s paper appeared. Considering a metal
surface illumined by radiation of frequency v, he asserted that the
radiation consists of parcels of energy ; when one such parcel or
photon falls on the metal, it may be absorbed and liberate a photo-
electron : and that the maximum kinetic energy of the photo-electron
at emission is (v —eg), where e is the energy lost by the electron
in escaping from its original location to outside the surface. This
of course implies that no photo-electrons will be generated unless
the frequency of the light exceeds a certain ° threshold * value eg/A.

Einstein’s equation was verified in 1912 by O. W. Richardson
and K. T. Compton ® and by A. L. Hughes,® and with great care
in 1916 by R. A. Millikan.!® For many metals, the threshold fre-
quency is in the ultra-violet : but for the electro-positive metals, such
as the alkali metals, it is in the visible spectrum : for sodium, it is
in the green.

Y Ann. d. Phys. xxxvi (1911), p. 91 34

3 Phys. ZS. xii (1911), p. 659 ¢ Phys. ZS. xv (1914), p. 133

¢ of. Vol. 1, pp. 356-7 ¢ cf. Vol. I, p. 365

ZIgnni d. Phyg. viii (1902), p. 149; also E. R. Ladenburg (1878-1908), Ann. d. Phys.
xii (1903), p. 55

8 Phil. Mag. xxiv §l912), p. 575 ® Phil. Trans. cexii (1912), p. 205

0 Phys, Rev. vii (1916), p. 355. cf. also M. de Broglie, 7. de Phys. ii (1921), p. 265,
and J. 'izhibaud, Comptles Rendus, clxxix (1924), pp. 165, 1053, 1322
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The function ¢ is closely connected with the thermionic work-
function measured at the same temperature : ! in fact, the thermionic
work-function is equal to £ times the least frequency which will
eject an electron from the metal : 2 and ¢ is therefore connected
with the contact potential-differences between two metallic sur-
faces : ® the difference of the functions ¢ for the two metals is equal
to the contact difference of potential (reversing the order of the
metals) together with the (small) coefficient of the Peltier effect at
the junction between them.

Gases and vapours also exhibit the photo-electric effect, if the
frequency of the incident radiation is sufficiently great: and the
phenomenon can be observed for individual atoms by use of X-rays
with the Wilson chamber. This effect is simply ionisation : and
the law regarding the threshold frequency becomes the assertion
that for ionisation to take place, the energy of the incident photon
must be not less than the ionisation energy of the atom or molecule
concerned. The electrons chiefly affected photo-electrically are the
strongly-bound ones in the K-shell: the electrons in the outer
shells, being more feebly-bound, do not absorb radiation to the same
degree. The function ¢ in the equation

maximum kinetic energy of electron at emission =Av —e¢

is now no longer connected with thermo-electric phenomena
or contact differences of potential, but has different values de-
pending on the shell in the atom from which the electron has
come.

If a photo-electron is liberated from the K-shell, it may happen
that the vacant place is filled by an electron from an outer shell,
creating a photon whose energy is equal to the difference of the
energies of the electron in the two shells: and this photon may
in its turn be absorbed in another shell, giving rise to a second
photo-electron, so that two electrons are ejected together. This
effect, which was discovered by P. Auger,? is called the compound
Dhoto-electric effect.

The photo-electric effect cannot be explained classically, because
the time-lag required by the classical theory, due to the necessity
for accumulating sufficient energy from the radiation, is found
not to occur.®

A hypothesis closely allied to Einstein’s light-quantum explana-
tion of the photo-electric effect was put forward in 1908 by J. Stark ¢ :
namely, that the frequency of the violet edge of the band-spectrum

1 of, Vol. I, pp. 426-8

? O. W. Richardson and K. T. Compton, Phil. Mag. xxiv 9§'1912), p- 595

% O. W. Richardson, Phil. Mag. xxiii é1912), pp. 263, 5

¢ Comptes Rendus, clxxxii (1926), p. 121

¢ On the time-lag, cf. E. Meyer and W. Gerlach, Archives des sc. phys. et nat. xxxvi
(1914), p. 253. ¢ Phys. ZS. ix (1908), p. 85
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of a gas is connected with the ionisation-potential of the gas (measured
by the potential-fall necessary to give sufficient kinetic energy to the
ionising electron) by the formula

I="h.

Experiments in agreement with this relation were published in the
following year by W. Steubing.?

Another hypothesis of the same type, also proposed by Stark 2
in 1908, and elaborated by Einstein® in 191£ related to photo-
chemical decomposition : it asserted that when a molecule is dis-
sociated as a result of absorbing radiation of frequency v, the
amount of energy absorbed by the molecule is Av. There must,
therefore, be a lower limit to the frequency of light capable of
producing a given chemical reaction, and a relation between the
amount of reaction and the amount of light absorbed. The law is
applicable only within the range of validity of Wien’s law and
when the decomposition is purely a thermal effect. Experiments
designed to test this hypothesis were made by E. Warburg,* with
results on the whole favourable.

From Einstein’s doctrine that the energy of a photon of
frequency v is Av, combined with Planck’s principle® that flux
of energy is momentum, it follows at once that in free aether,
where the velocity of the photon is ¢, its momentum ® must be Av/c,
in the direction of propagation of the light. Long afterwards
it was shown experimentally by R. Frisch? that when an atom
absorbs or emits a photon, the atom experiences a change of momen-
tum of the magnitude and direction attributed to the photon by
Einstein: but there had never been any doubt about tfle matter,
since Einstein’s value was assumed in the theory of many pheno-
mena, and predictions based on the theory were experimentally
verified.

It may be remarked that the above relation between the energy
and the momentum of a photon is in agreement with the classical
electromagnetic theory of light : for if a beam of light is propagated
in free acther in a certain direction, the electric vector E and the
magnetic vector H are equal, and at right angles to each other
and to the direction of propagation ; and therefore Kelvin’s energy-
density 8 1/8+« (E?+ H?) is E?/4#, while J. J. Thomson’s momentum-
density ® 1/4nc [E.H] is E?/4mc: and the latter is equal to the former
divided by ¢.

! Phys. ZS. x (1909), p. 787

2 Phys. &S. ix (1908), p. 889 : Ann. d. Phys. xxxviii (1912), p. 467; cf. E. Warburg,
Verh. d. deutsch. phys. Ges. ix (1907) p. 753

¥ Ann. d. Phys. xocvii (1912), p. 832 ¢ socxvidi (1912), p. 881

« Berlin Sitz., 1911, p. 746 : 1912, p. 216 : 1913, p. 644 : 1914, p.872: 1915, p. 230 :
1916, p. 314 : 1918, pp. 300, 1228 s cf. p. 54

. P
¢ cf. A. Einstein, Phys. ZS. x (1909), pp. 185, 817 : J. Stark, ibid. pp. 579, 902
7 ZS. f. P. Ixxxvi (1933), p. 4 s cf. Vol. I, p. 222 * cf. Vol. I, p. 317
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The formula for the momentum of a photon is also in agreement
with the equation

momentum = mass x velocity :

for since the energy is hv, the mass is av/c? ; and the velocity is ¢ ;
so the momentum is zv/c.

The corpuscular theory of light thus formulated by Einstein
leads at once to the relativist formulation of the Doppler effect.!
For suppose that a star is moving with velocity w relative to an
observer P, and that a quantum of light emitted towards the observer
P has a frequency »" as measured by an observer P’ on the star, and
a frequency v as measured by the observer P.

Let the direction-cosines of the line PP’, referred to rectangular
axes in P’s system of measurement, of which the x-axis is in the
direction of the velocity w, be (/, m, n). Then the energy and
momentum of the light-quant as observed by P, that is, in a system
of reference in which P is at rest, are (v, —Avlfc, —hvmfc, —hvn/c) :
and the energy of the light-quant as observed by P’, that is, in a
system of reference in which P’ is at rest, is Av’. But the (ener%y) fe
and the three components of momentum form a contravariant four-
vector which transforms according to the Lorentz transformation, in
which

w
, t - (;‘:’ x
b=
(-%)
and therefore
hy +w/wl

o c®
c? _ w? %
F

vy
_ c

;—( w\%
[’

which is the relativist formula for the Doppler effect. Thus the
Doppler effect is simply the Lorentz transformation of the energy-momentum
four-vector of the light-quant.

In the carlier years of the development of quantum-theory, much
attention was given to the relation of light-propagation to space,

1cf. p. 41
92
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the aim being to find a conception of the mode of propagation which
would account both for those experiments which were most naturally
explained by the wave-theory, and also for those which seemed to
re?uire a corpuscular theory. J. Stark?! and A. Einstein ? discussed
a fact which seemed very difficult to reconcile with the wave-theory,
namely, that when cathode rays fall on a metal plate, and the X-rays
there generated fall on a second metal plate, they generate cathode
rays whose velocity is of the same order of magnitude as that of the
primary cathode rays.

More precisely, let the X-rays be excited by a stream of electrons
striking an anticathode (this is, of course, the process inverse to the
photo-electric effect). Suppose that the energy of the electrons is
what would be obtained by a fall through a potential-difference V,
so that the kinetic energy of the electrons is ¢V. When the electrons
are stopped, they give rise to the X-rays, whose frequencies form
a continuous ? spectrum with a limit vme: on the side of high fre-
quencies given by the equation ¢

hv.  =eV,
max

That is, X-rays of frequency v are not produced unless energy /v is
available. It is reasonable to suppose that the maximum value of the
frequency is obtained when the whole of the energy ¢V of the electron
is converted into energy of radiation (X-radiation of lower frequency
is also obtained, because the incident electron may spend part of its
energy in causing changes in the atoms of the anticathode). Since
the energy of an electron ejected by the X-ray in the photo-electric
effect is (save for differences due to other circumstances which need
not be considered at the moment) equal to Avm.s, we see that it is
equal to the energy of the electrons in the cathode rays which had
originally excited the X-ray : so that no energy is lost in the changes
from electron to X-ray and back to electron again. The X-ray must
therefore carry its energy over its whole track in a compact bundle,
without any diminution due to spreading : as had been asserted in
1910 by W. H. Bragg (cf. p. 17).

On the other hand, X-rays are certainly of the nature of ordinary
light, and can be diffracted : so one would expect them to show
the spreading characteristic of waves. The apparent contradiction
between the wave-properties of radiation and some of its other
Froperties had been considered by J. J. Thomson in his Silliman
ectures of 1903 ® ; ‘ Réntgen rays,” he said, ‘ are able to pass very

* Phys. ZS. x g1909), pp. 579, 902 : xi (1910), pp. 24, 179

* Phys. £S. x (1909), p. 817 ; cf. H. A. Lorentz, Phys. ZS. xi (1910), p. 1234

® Regarding the discontinuous spectrum of characteristic X-rays, cf. D. L. Webster,
Phys. Rev, vii (1916), p. 599

¢ cf. W. Duane and F. L. Hunt, Phys. Rev. vi (1915), p. 166. The value of & was
calculated on the basis of this property by F. C. Blake and W. Duane, Phys. Rev. ix (1917),
p. 568 : x (1917), pp. 93, 624.

® J. J. Thomson, Electricity and Matter (1904), pp. 63-5, cf. his Conduction of Eleciricity
through Gases (1903), p. 258
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long distances through gases, and as they pass through the gas they
ionise it : the number of molecules so split up is, however, an
exceedingly small fraction, less than one-billionth, even for strong
rays, of the number of molecules in the gas. Now, if the conditions
in the front of the wave are uniform, all the molecules of the gas
are exposed to the same conditions: how is it, then, that so small
a proportion of them are split up ? ° His answer was : ¢ The difficulty
in explaining the small ionisation is removed if, instead of supposing
the front of the Réntgen ray to be uniform, we suppose that it con-
sists of specks of great intensity separated by considerable intervals
where the intensity is very small.’

In this passage Thomson originated the conception of needle
radiation,! i.e. that in the elementary process of light-emission, the radiations
Jrom a source are not distributed equally in all azimuths, but are concentrated
in certain directions. This hypothesis was now adopted by Einstein,?
who, as we shall see, developed it further in 1916,

When, however, the phenomena of interference were taken into
account, the conception of needle radiation, and indeed the whole
quantum principle of radiation, met with difficulties which were not
resolved for many years. It was shown experimentally 3 that when
a classical interference-experiment was performed with light so faint
that only a single photon was travelling through the apparatus at
any one time, the interference-effects were still produced. This
was interpreted at first to mean that a single {)hoton obeys the laws
of partial transmission and reflexion at a half-silvered mirror and
of subsequent re-combination with the phase-difference required by
the wave-theory of light. It is evident, however, that such an
explanation would be irreconcilable with the fundamental principle
of the quantum theory, according to which interaction between
the light and matter at a particular point on the screen can
fake place only by the absorption or emission of whole quanta of

ight.

A further objection to the view that coherent beams of light,
which are capable of yielding interference-phenomena, could be
identical with single photons, appeared when it was found that the
volume of a beam oF light over which coherence can extend, was
much greater than the nineteenth-century physicists had supposed.
In 1902 O. Lummer and E. Gehrcke,* using green rays from a
mercury lamp, obtained interference-phenomena with a phase-
difference of 2,600,000 wave-lengths—a distance of the order of one

! cf. Thomson’s further papers in Proc. Camb. Phil. Soc. xiv (1907), p. 417 ; Phil.
Mag.® xix (1910), p. 301 ; and N. R. Campbell, Proc. Camb. Phil. Soc. xv (1910),
p. 310. For an interesting application of the relativity equations to needle radiation,
cf. I;I.l(liatcglan, Proc. Lond. Math. Soc.(2) viii (1910), p. 469.

3 G, .I? Ta lor, Proc. Camb. Phil. Soc. xv (1909), p. 114 ; most completely by A. J.
Dempster and H. F. Batho, Phys. Rev. xxx (1927), p. 644 ; cf. E. H. Kennard, 7. I'Yranklin
Inst., ccvii (1929), p. 47

¢ Verh. deutsch. phys. Ges. iv (1902), p. 337; cf. M. von Laue, 4nn. d. Phys.® xiii
(1904), p. 163, §6
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metre. Regarding the lateral extension of a coherent beam, since
all the light from a star that enters a tclescope-objective takes part
in the formation of the image, it is evident that this light must be
coherent : and a still greater estimate was obtained in 1920, when
interference methods were used at Mount Wilson Observatory to
determine the angular diameter of Betelgeuse, and interference was
obtained between beams which arrived from the star twenty feet
apart. It seemed impossible that these very large coherent beams
could be single photons.

The alternative hypothesis seemed to be, that the photons in
a coherent beam form a regular aggregate, possessing a quality
equivalent to the coherence.! One supposition was that the motion
of the photons is subject to a system of probability corresponding
to the wave-theory explanation of interference, so that a large
number of them is directed to the bright places of the interference-
pattern, and few or none are directed to the dark places. This
explanation was, however, unsatisfactory : for it is not until the
two interfering beams of light have actually met that the interference-
pattern is determined, and therefore the guiding of the motion of
the photons cannot take place during the propagation of the inter-
fering beams, but must happen later, perhaps at the screen itself—
a process difficult to imagine. It was therefore suggested that while
the photons are being propagated in the beams which are later
destined to interfere, they are characterised by a quality correspond-
ing to what in the wave-theory is called phase. In order to construct
a definite theory based on this idea, however, it would be necessary
first to consider whether the photons are to be regarded as points
(in which case any particular photon would always retain the same
phase, since it travels with the velocity of light, but different photons
would have different phases) or whether the photons are to be re-
garded as extending over finite regions (in which case the phase
would presumably vary from one point of a photon to another).
In order to account for mnterference, it would be necessary to suppose
that photons, or parts of photons, in opposite phases, neutralise each
other. But if the photons are regarded as points, the mutual annul-
ment of two complete photons would be incompatible with the
principle of conservation of energy, while if the photons are regarded
as extending over finite regions, the annulment of part of one by
part of another would seem to be incompatible with the integral
character of photons. There is, moreover, a difficulty created by
the observation that interference can take place when only a single
photon is travelling through the apparatus at any one instant, for
this seems to require that the effect of a quantum on an atom persists
for some time.

These various attempts—none of them entirely satisfactory—to
combine the new and the old conceptions of light, created a doubt

! This was first put forward by J. Stark, loc. cit.
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as to whether it was possible to construct, within the framework
of space and time, a picture or model which would be capable of
representing every known phenomenon in optics.!

In December 1906 Einstein ? initiated a new development of
quantum theory, by carrying its principles outside the domain of
radiation, to which they had hitherto been confined, and applying
them to the study of the specific heats of solids. We have seen?
that according to the classical law of equipartition of energy, in a
state of statistical equilibrium at absolute temperature T, with every
degree of freedom of a dynamical system there is associated on the
average a kinetic energy 4T, where £ is Boltzmann’s constant.
Now the thermal motions of a crystal are constituted by the
elastic vibrations of its atoms about their positions of equilibrium :
one of these atoms, since it has three kinetic degrees of freedom
and also three potential-energy degrees of freedom, will have a
mean kinetic energy $4#T and a mean potential energy 24T, or a
total mean energy 34T. Thus a gramme-atom of the crystal will
have a mean energy 34NT, where N is Avogadro’s number*;
or 3RT, where R is the gas-constant per gramme-atom. The atomic
heat of the crystal (i.e. the amount of heat required to raise the
{\?mperature of a gramme-atom by one degree) is therefore 3R.

ow

R =8:3136 x 107 ergs =1-986 cal.

so the atomic heat (at constant volume) is 5:958 cal. This law had
been discovered empirically by P. L. Dulong and A. T. Petit?
in 1819.

While Dulong and Petit’s law is approximately true for a great
many elements at ordinary temperatures, exceptions to it had
long been known, particularly in the case of elements of low
atomic weight, such as G, Bo, Si, for which at ordinary temperatures
the atomic heats are much smaller than 5-958 cal. : and shortly
before this time it had been shown, particularly by W. Nernst
and his pupils, that at very low temperatures all bodies have
small atomic heats, while at sufficiently high temperatures even
the elements of low atomic weight obey the normal Dulong-Petit
rule, as was shown e.g. by experiments with graphite at high
temperatures.

! The state of the coherence problem twenty years after Einstein’s paper of 1905
may be gathered from G. P. Thomson, Proc. R.S.(a), civ (1923), p. 115; A. Landé,
ZS. f. P. xxxiii (1925), p. 571 ; E. C. Stoner, Proc. Camb. Phil. Soc. xxii (1925), p. 577 ;
W. Gerlach and A. Landé, %Sf P. xxxvi (1926), p. 169; E. O. Lawrence and J. W. Beams,
Proc. N.A.S. xiii (1927), p. 207.

* Ann. d. Phys. xxii 1%907), pp. 180, 800

3 Vol. I, p. 382. e argument given here is substantially due to Boltzmann, Wien
Sitz, Ixiii (Abth. 2) (1871), p. 712.

4 of pp. 8, 18 .

& Ann. de chim. et de. phys. x (1819), p. 395 ; Phil. Mag. liv (1819), p. 267
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Einstein now pointed out that if we write Planck’s formula in
the form :
Energy-density of radiation in the frequency-range v to v +dv

hy

T

=87A—tdA

then on comparing this with Rayleigh’s derivation of his law of
radiation,! we see that in order to obtain Planck’s formula, a mode
of vibration of frequency v must be counted as possessing the average
energy

l x
2kTez _ 1’

where x = hv/kT, instead of (as Rayleigh assumed) 44T. If then in
the above proof of Dulong and Petit’s law we replace 34T by
3kT x/(e*— 1), we find that a gramme-atom of the crystal will have
a mean energy -

SRT %
-1

(if for simplicity we assume that all the atomic vibrators have the
same frequency v) and therefore the atomic heat is

¢ famr =) wE L sess X
7T 3RTe’—1 , oOr SR(e’—l)“’ or 5958((3’-—1)2'

This is Einstei’s formula. As the temperature falls, x increases and
x%*/(¢* — 1)? decreases, so the decrease of atomic heat with tem-
perature is accounted for. As the absolute zero of temperature is
approached, the atomic heats of all solid bodies tend to zero.?

The determination of the quantity x, i.e. the determination of
v, was studied by E. Madelung,® W. Sutherland,* F. A. Lindemann,®
A. Einstein,® W. Nernst,” E. Griineisen,® C. E. Blom® and H. S.
Allen.1 : relations were found connecting v approximately with the
cubical compressibility of the crystal, with its melting-point and
with the  residual rays > which are strongly reflected from it.

t Vol. 1, pp. 383-4

* This is a special case of a more general theorem discovered and developed by
W. Nernst in 1910 and the following years, namely, that all the properties of solids which
depend on the average behaviour of the atoms (including the thermodynamic functions)
become independent of the temperature at very low temperatures. Thus, at the absolute
zero of temperature, the entropy of every chemically homogeneous body is zero; cf.
Nernst, Die theoretischen und experimentellen Grundlagen des neuen Warmesatzes (Halle, 1918).

s Gott. Nach. (1909), p. 100 ; Phys. ZS. xi (1910), p. 898

¢ Phil. Mag.(6) xx (1910), p. 65 5 Phys. Z8. xi (1910), p. 609

8 Ann. d. Phys. xxxiv (191 1?, p. 170 ; xxxv (1911), p. 679

? Ann. d. Phys. xxxvi (1911), p. 395 8 Ann. d. Phys. xxxix (1912), p. 257

® Ann. d. Phys. xlii (1913), p. 1397

1 Proc. R.S.(A), xciv (1917), p. 100 ; Phil. Mag. xxxiv (1917), pp. 478, 488
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There was, however, one obvious imperfection in all this work,
which was pointed out by Einstein in the second of the papers just
referred to; namely, that the vibrations of the atoms in a crystal
do not all have the same frequency v. The mean energy of a
gramme-atom of a crystal will therefore not be

3RT %~
&1

where x has a single definite value, but

KT

’
r exr_l

when the summation is taken over all the frequencies (three for
each atom), and £ is Boltzmann’s constant. The atomic heat,
obtained from this by differentiating with respect to T (remember-
ing that x = iw/kT), is therefore

z kx,? er

r (ex’—l )2.

In order to determine the frequencies of the natural vibrations of
the atoms of a body, and so to be able to evaluate these expressions,
P. Debye ! (b. 1884) took, as an approximation to the actual body,
an elastic solid, and considered the elastic waves in it. He showed
that for a fixed isotropic body of volume V, the number of natural
periods or modes of vibration in the frequency-range v to v+dv is

2 1
‘1'11'szdv(a3 + 6—13)

where ¢, is the velocity of transverse waves in the solid and ¢, the
velocity of longitudinal waves; and he assumed that the energies
of these different sound waves vary in the same way as the energies
of the light waves in Planck’s formula, so that each of these modes

has the energy
hy

ST

thus the energy per unit volume of waves within the frequency-
range v to v+ dv is

2 1 dv
4"””3(673 + c’rs)ehvaf:—l"

t Ann. d. Phys. xxxix (1912), p. 789
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The total energy is to be obtained by integrating this with respect
to v. But here a difficulty presents itself : for the number of natural
frequencies of a continuous body is infinitely great : v extends from
zero to infinity. Debye (somewhat arbitrarily) dealt with this
situation by taking, in the integration with respect to v, an upper
limit vm, such that the total number of frequencies less than v is
equal to 3N, where N is the number of atoms in the body. Thus
vm is to be determined from the equation

- o4y 2 AoV (2 1 L Yo,

cl 3 cjs 013

and the atomic heat of the body is

4"/‘\/(23 + l) J.v'"ixz vidv where x= hv

G P o (e¥—1) T
or
IR [*m xie*dx hvm
i), m, where xm:TT'
If we write
hm
ko,

we have xm=@/T, and the atomic heat is a universal function of th ]
X tor e ratio

T/©, that is, the temperature T divided by a temperature ® which is characteristic
of the body.

Debye’s theory is in good general accord with the experimental
results for many elements.!

When the temperature T is very great, m is very small

] and th

above formula for the atomic heat becomes " v ’ ‘

%Ermx%ix or 3R,
Xm”Jd o

which is Dulong and Petif’s law, as would be expected.

When on the other hand T is very small, we escape the difficulties
which arise from the fact that the body, as contrasted with the
continuous elastic solid, has only a finite number of degrees of
freedom. The above formula shows that the energy of the bod
Is proportional at low temperatures to the integral Y

r’ﬂ

®
_ 3,—ho[kT
o T O J o Ve dv,

that is, it is proportional to T*; so the atomic heat of a body at low

. . g
a7, 5(:2f.:‘;the exhaustive report by E. Schrédinger, Phys. ZS. xx (1919), pp. 420, 450, 474,
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temperatures is proportional to the cube of the absolute temperature. 'This
law has been carefully verified.!

In the same year in which Debye’s theory of atomic heats was
published, Max Born (5. 1882) and Theodor v. Karmén (b. 1881) 2
attacked the problem from another angle ; instead of replacing the
body by a continuous elastic medium, as Debye had done, they
made a dynamical study of crystals, regarded as Bravais space-
lattices of atoms, in order to determine their natural periods. The
formulae obtained were of considerable complexity : Debye’s method
is simpler, though Born and K4rman’s is more general and stringent.
In the case of low temperatures, Born and Kirmén confirmed
Deybe’s result that the atomic heat is proportional to T® when
T is small3

The behaviour, as found by experiment, of the molecular heat
of gases (i.e. the amount of heat required to raise by one degree the
temperature of one gramme-molecule of the gas, at constant volume)
can be explained by quantum theory in much the same way as
that of solid bodies.” According to classical theory,* a monatomic
gas (such as helium, argon or mercury vapour) has three degrees
of freedom (namely, the three required for translatory motion), and
to each of them should correspond a mean kinetic energy #T, so
a gramme-molecule should have an energy $NT when N is
Avogadro’s number, or §RT where R is the gas-constant per gramme-
molecule : thus the molecular heat should be 2R or approximately
three calories, a result verified empirically.5

For the chief diatomic gases—H, N, O etc.—the molecular heat
is 5 calories, which is explained classically by supposing that they
have 3 translatory and 2 rotational degrees of freedom. ~The mole
cule may be pictured as a rigid dumbbell, having no oscillations
along the line joining the atoms, and no rotations about this line as
axis. Itwas, however, found experimentally by A. Eucken ¢ that the
molecular heat of hydrogen at temperatures below 60° abs. falls to
3 calories, the same value as for monatomic gases. This evidently
implies that the part of the molecular heat which is due to the two
rotational degrees of freedom of the molecule falls to zero at low
temperatures. The quantum theory supplies an obvious explanation

* A. Eucken and F. Schwers, Verh. deutsch phys. Ges. xv (1913), p. 578 ; W. Nernst
and F. Schwers, Berlin Ber. (1914), p. 355 ; W. . Keesom and L. Kamerlingh Onnes,
Amsterdam Proc. xvii (1915), p. 894 ; xviii (1915), p. 484

? Phys. ZS. xiii (1912), p. 297 ; xiv (1913), pp. 15, 65

* The diamond was’ studied specially by Born, Ann. d. Phys. xliv (1914), p. 605.
cf. Born, Dynamik der Kristallgitter (Leipzig, 1915), and many later papers. The detailed
study of crystal-theory is beyond the scope of the present work.

¢ cf. Vol. I, p. 383

* The quantity which is usually determined directly by experiment (from the velocity
of sound in the gas) is the ratio of the molecular heat at constant pressure to the molecular
heat at constant volume, or (2 +x)[x, where x is the molecular heat at constant volume.

® Berlin Sitz. (1912), p. 141. cf. also K. Scheel and W. Heuse, Ann. d. Phys. x1 (1913),
p. 473, who examined the specific heats of helium, and of nitrogen, oxygen and other
diaégr;lic gases, between +20° and —180°; and F. Reiche, Ann. d, Phys. Wiii (1919),
p. 657.
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of this behaviour : it is, that no vibration can be excited except by
the absorption of quanta of energy that are whole multiples of /v,
where v is the proper frequency of the vibration : and at low
temperatures, the energy communicated by molecular impacts is
insufficient to do this, so far as the rotational degrees of freedom
are concerned. For the translational degrees of freedom, on the
other hand, v is effectively zero, so no limitation is imposed.

At very high temperatures the molecular heats of the permanent
gases rise above 5 calories—to 6 or nearly 7—which evidently signifies
that some additional degrees of freedom have come into action, e.g.
vibrations along the line joining the two atoms in the molecule.
For chlorine and bromine, this phenomenon is observed even at
ordinary temperatures, a fact which may be explained by reference to
the looser connection of the atoms in the molecules of these elements.

A new prospect opened in 1909, when Einstein * discussed the
fluctuations in the energy of radiation in an enclosure which is at
a given temperature T. From general thermodynamics it can be
shown that at any place in the enclosure the mean square of the
fluctuations of energy per unit volume in the frequency-range from
v to v + dv, which we may denote by €*, is £T* dE/dT, where £ is Boltz-
mann’s constant and E is the mean energy per unit volume. Now
by Planck’s law we have

E — 8 7T}lV3 dV

& BT _ ]

whence for €% we obtain the value

8whividy 1 + 1 }
o P I Py N

or
Pad UL
8midy’

If instead of Planck’s law of radiation we had taken Wien’s law,?
we should have obtained

WwE +

e =wE
while if we had taken Rayleigh’s law,? we should have obtained
;E €3E2

" 8midy

Thus the mean-square of the fluctuations according to Planck’s law is
the sum of the mean-squares of the fluctuations according to Wien's law and
Rayleigh’s law, a result which, seen in the light of the principle that
fluctuations due to independent causes are additive, suggests that

t Phys. ZS. x (1909), p. 185 * of. Vol. I, p. 381 ¥ cf. Vol. 1, p. 384
(995) 101 8
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the causes operative in the case of high frequencies (for which Wien’s
law holds) are independent of those operative in the case of low
frequencies (for which the law is Rayleigh’s). Now Rayleigh’s law
is based on the wave-theory of light, and in fact the value ¢*E2/(8m2dv)
for the mean-square fluctuation was shown by Lorentz ! to be a con-
sequence of the interferences of the wave-trains which, according to
the classical picture, are crossing the enclosure in every direction :
whereas the value AvE for the mean-square fluctuation is what would
be obtained if we were to take the formula for the fluctuation of the
number of molecules in unit volume of an ideal gas, and suppose
that each molecule has energy /v : that is, the expression is what
would be obtained by a corpuscular-quantum theory. Moreover,
the ratio of the particle-term to the wave-term in the complete
expression for the fluctuation is ¢”*"—1: so when Av/kT is small, i.e.
at low frequencies and high temperatures, the wave-term is_pre-
dominant, and when Av/kT is large, i.e. when the energy-density is
small, the particle-term is predominant. The formula therefore
suggests that light cannot be represented completely either by waves
or by particles, although for certain classes of phenomena the wave-
representation is practically sufficient, and for other classes of
phenomena the particle-representation.  The undulatory and
corpuscular theories are in some sense both true.

Some illuminating remarks on Einstein’s formula were made by
Prince Louis Victor de Broglie 2 (5. 1892). Planck’s formula

_Bmhv  dv

c3 ehv/ T __ 1

may be written
E— 8775!1/3 (= MIET - g=2I¥T 4 g=3KT 1\ gy
¢
=E1+E2+E3+. P
where
o 85 iy,
¢

Now Einstein’s formula is

—  8xhwidy { 1 1 }

2= 8 |t ] + <ehv/kT_ 1)2

___81rﬁ;v4dv { ¢IKT | Qg=2[KT | Go=3hT | }

=S sivE.

s=1
1 f. Lorentz, Les théories statistiques en thermodynamique (Leipzig, 1916), p. 114
* Comptes Rendus, clxxv (1922), p. 811; 7. de phys. il (1922), p. 422. cf. W. Bothe,
ZS. f. P. xx (1923), p. 145 ; Naturwiss. xi (1923), p. 965
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This resembles the first term AvE in Einstein’s formula, but it is
now summed for all values ofs. So it is precisely the result we
should expect if the energy E, were made up of light-quanta each of
energy shv. Thus de Broglie suggested that the term E, should be
regarded as corresponding to energy existing in the form of quanta
of amount /v, that the second term E, should be regarded as corre-
sponding to energy existing in the form of quanta of amount 2hv,
and so on. So Eunstein’s formula for the fluctuations may be obtained on
the basis of a purely corpuscular theory of light, provided the total energy
of the radiation is suitably allocated among corpuscles of different energies
hw, 2hv, 3w, . . . 2

The theory of the fluctuations of the energy of radiation was
developed further in many subsequent papers.2

In spite of the many triumphs of the quantum theory, its dis-
coverer Planck was in 1911 still dissatisfied with it, chiefly because
it could not be reconciled with Maxwell’s electromagnetic theory
of light. In that year he proposed® a new hypothesis, namely, that
although emission of radiation always takes place discontinuously
in quanta, absorption on the other hand is a continuous process,
which takes place according to the laws of the classical theory.
Radiation while in transit might therefore be represented by Max-
well’s theory, and the energy of an oscillator at any instant might
have any value whatever. When an oscillator has absorbed an
amount /v of energy, it has a chance of emitting this exact amount :
but it does not necessarily take the opportunity, so that emission
is a matter of probability. In the new theory, therefore, there were
no discontinuities in space, although the act of emission involved a
discontinuity in #ime.

The system based on these principles is generally called Planck’s
Second Theory. He showed that it can lead to the same formula
for black-body radiation as the original theory of 1900; but there
is a notable difference, in that the mean-energy of a linear oscillator
of frequency v is now

ehv/L’T_l_ 1
elw/kT . f

hy

which is greater by /v than the value given by the earlier theory :
so that at the absolute zero of temperature, the mean energy of the oscillator
ts 4hv. This was the first appearance in theoretical physics of the

! This corpuscular theory had been proposed in the previous year by M. Wolfke,
Phys, ZS. xxii (1921), p. 375.
* M. von Laue, Verh. d. deutsch phys. Ges. xvii (1915), p. 198 ; W, Bothe, ZS. 1. P.
xx (1923), p. 145; M. Planck, Berlin Sitz. xxxiii (1923), p. 355; Ann. d. Phys. Ixxiii
9924), p. 272 ; P. Ehrenfest, IS. f. P. xxxiv (1925), p. 362 ; M. Born, W. Heisenberg, u.
. Jordan, ZS. f. P. xxxv (1926), p. 557 ; S. Jacobsohn, Phys. Rev. xxx (1927), pp. 936,
944 ; . Solomon, Ann. de phys. xvi (1931), p. 411 ; W. Heisenberg, Leipzig Ber. bxxxiii
(1931), Math.-Phys. Klasse, p. 3; M. Born and K. Fuchs, Prec. R.S. clxxii (1939),
465

p-
3 Verh. d. deutsch. phys. Ges. xiii (1911), p. 138
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doctrine of zero-point energy, which later assumed great importance.
In 1913 A. Einstein and O. Stern! made it the basis of a new
proof of Planck’s radiation-formula, and in 1916 W. Nernst 2
suggested that the aether everywhere might be occupied by zero-
point energy.

Planck’s Second Theory was criticised in 1912 by Poincaré,?
and in 1914 Planck 4 came to the conclusion that emission by quanta
could scarcely be reconciled with classical doctrines, so he now
made a new proposal (known as his Third Theory), namely, that the
emission as well as the absorption of radiation by oscillators is
continuous, and is ruled by classical electrodynamics, and that
quantum discontinuities take place only in exchanges of energy by
collisions between the oscillators and free particles (molecules, ions
and electrons). A year later, however, he ® abandoned the Third
Theory, having become convinced by a paper of A. D. Fokker ®
that the calculation of the stationary state of a system of rotating
rigid electric dipoles in a given field of radiation, when the calcula-
tion was performed according to the rules of classical electrodynamics,
led to results that were in direct contradiction with experiment.
The Second Theory fell from favour with most physicists about the
same time, when the experiments of Franck and Hertz ? showed
the strong analogy between optical absorption and the undoubtedly
quantistic phenomena which take place when slow electrons collide
with molecules.

Meanwhile, in a Report presented to the Physical Section of the
83rd Congress of German men of science at Karlsruhe on 25 Sep-
tember 1911, Sommerfeld ® made a suggestion which was the first
groping towards a new method. Referring to the name Quantum
of Action which had been given to the quantity £ by Planck, on account
of the fact that its dimensions were those of (Energy x Time) or
Action, he remarked that there should be some connection between
h and the integral which appears in Hamilton’s Principle, namely,

J(T-V)dt

where T denotes the kinetic and V the potential energy of the
.mechanical system considered. He proposed to achieve this by
making the following hypothesis : In every purely molecular process,
a certain definite amount of Action is absorbed or emitted, namely, the amount

JILdt _ »217-71;

' Ann. d. Phys. x1 (1913), p. 551

. de phys.(5) ii (1912), p. 5, at p. 30
s Berlin Sitz., 8 July 1915, p. 51
* Described below in Chapter IV

2 Verh. d. deutsch. phys. Ges. xviii (1916}, p. 83
¢ Berlin Sitz. 30 July 1914, p. 918

8 Ann. d. Phys. xliii (1914), p. 810

8 Verh. deutsch. phys. Ges. xaii (1911), p. 1074
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where L="T —V_is the kinetic potential or Lagrangean function, and where
T 15 the duration of the process,. A discussion of the photo-electric
effect in the light of this principle was given in 1913 by Sommerfeld
and Debye.! The principle itself, however, was superseded in the
later development of the subject.

' Ann, d. Phys. xli (1913), p. 873
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