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own earlier defense of Proclus’ alternative text (Adam, “On Plato,
Republic 616E,” Classical Review, XV [1901], 391-93). Cook Wil-
son’s figures (“If the order in which breadths of rim and colors are
listed is set down for each hemisphere, the following figures result,”
loc. cit.) are reproduced as figures 66, 67, and 71.

Figure 67
LAW OF NINES: COLORS *
Order of whorls I 2 3 4 5 7 8
Order in which their 1 4 6 7 5 2 3
colors are described L L { |
)
(18) (18)

% See text comment of Figure 66 for titation.

This is not a very clear-cut instance of balance, and, in its con-
text of balanced lists, suggests that perhaps some error has been
made in the reconstruction of the figure, hiding a more spectacular
pattern of balance. In the list of sizes the order of hemispheres gave
the balanced figure, but the order of mention was the same as the
order of whorls. Since this was not the case in the list of color, one
might try reconstructing this diagram, taking order of listing rather
than order of cosmic location as the ordering principle. The result
of this revision is shown in the following figure.

Figure 68
LAW OF NINES: COLORS (ALTERNATIVE VERSION)
No. 1 2 3 4 5 6 7 8
Color 1 7 8 2 5 3 4 6
(18) (18)

This is simply a different form of Cook Wilson’s diagram, with
the rows transposed; this form will be used in the discussion that
follows since it permits certain significant relationships of the two
listings to be more clearly indicated than in the original represen-
tation, It is preferable also because it presents both lists in the same
matrix form of:




200 Plato’s Mathematical Imagination

ROW 1 : ORDINAL PRINCIPLE 1 2 3 .. ..

ROW 2 : COSMIC LOCATION
For any comparison of the listings, it is of course essential that
they be constructed in the same form.

Figure 69
SIZE AND COLOR (VOLUME AND DENSITY)
Width 1 8 7 3 6 2 5 4
Color 1 7 8 2 5 3 4 6
Sums 2 15 15 5 11 5 9 10

Adding the two orders shown to balance in figures 66 and 68
gives this combination of volume and color. The result of trans-
lating these sums back into an ordinal list, from 1 to 8, is shown
in the following figure.

Figure 70
SIZE AND COLOR (ORDINAL): ANOTHER LAW OF NINES

Order in series 1 2 3 4 5 6 7 8
Rim and color 8 1 2 6 3 7 5 4

L == I L

This figure results from assigning ordinal numbers to these sums,
exhibited in Figure 69, in constructing a list of relative momen-
tum (observing, as is done in the color list, the convention that
two equal sums are numbered with the greater to the left).
This discovery might have been made by Adam and Cook Wilson if
they had realized that their ways of constructing the lists of size
and color were disparate and had reconstructed the color diagram
in its proper form.

Note that Figure 71 divides the dynamic behavior of the mech-
anism into three zones of momentum, one dominantly forward, one
retrograde, and a third (double in size) balanced between the other
two. The starred numbers represent hemispheres with the same
velocity; the balance is equally well demonstrated if we assign the
average ordinal velocity (6) to each, instead of following the right-
left convention in giving them successive ordinal numbers.
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Figure 71
LAW OF NINES: BALANCE OF VELOCITIES +

Hemisphere 1 2 3 4 5 6 7 8
Relative Speed 1 8 7* 6* 5* 4 3 2
[ I | | } | M |

© (18) ©

T See text comment of Figure 66 for citation.

Unless Plato’s constructive ingenuity gave out at this point, one
would expect to find some balanced figure representing the com-
bination of balanced velocity and balanced mass; evidently certain
details of the myth call for a recognition of some sort of balance
of momentum. (See Fig. 78.)

Figure 72
PROPORTIONALITY OF DISTANCE AND FORWARD VELOCITY

Order of distance 8 7 6 5 4 3 2 1
Order of velocity 1 2 3% 4 5 6 7 8

Sums 9 9 9 9 9 9 9 9

The passage in Laws x on the reasonableness with which radius
and velocity are kept proportionate by nature in revolving planes
or solids suggests that this sort of relation of relative distance and
speed may have been the root or starting-point of the various
demonstrations of “arithmetical balance” of ordinal numbers in
the present passage. In an aesthetically ordered system, other prop-
erties ought also to have complements which “balance,” and as these
properties approach more closely the dynamic character of the
system as a whole, their symmetrical balancing should become more
evident,

Something about this list, or perhaps an initial ordinal listing
of another property, suggested to Plato an arithmetical illustration
of some aesthetic concept with which a reader of his time would
have been familiar. Whatever this concept might have been, it was
not recognized by the Hellenistic scholars when they wrote their
explanations of this myth.

Ep s
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Figure 73

THE FINAL LAW OF NINES: EXACT BALANCE OF MOMENTUM
IN THE SYSTEM

Circles 8 7 6 5 4 3 2 1
Masses * 1 8 7 3 6 2 4 5
Speeds } 1 2 3 4 ) 6 7 8

Sums 2 10 10 7 11 8 11 13

Momenta (Ordinal Arrangement of Sums)

8 4 5 7 2 6 3 1

| L ] I \

* From Figure 70.
+ Linear forward velocity.

This is the law showing the balanced momentum (mass and
velocity) of the system. If the series is thought of as cyclical, so that
the initial 8 follows the final 1, the principle of location of balanc-
ing terms has become the simplest possible in this diagram.

Figure 74

LACK OF BALANCE IN PROCLUS’ ALTERNATIVE TEXT
OF LIST OF SIZES

Order in series 1 2 3 4 5 6 7
Rim 1 7 8 6 4 38 2 5
(22) (No balancing of nines) (14)
(No balancing of sides)

Note that this version shows neither a balancing of nines nor a
symmetry of sides; since the lists of colors and velocities do show
such balance, the evidence against this text seems conclusive; and
the demonstration in the foregoing figures of the balance of the
combined lists of colors and volumes based on the MS text confirms
the rejection of this “older reading.”

Figure 75 shows the spindle cut down the center, to bring out
the mechanical nature of the model. If these semicircles are com-
pleted on the same scale, the result is a top view of the lips of the
hemispheres, which the souls see.
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Figure 75

KK\/

NECESSITY’S SPINDLE IN CROSS SECTION
Scale: Width of smallest circle — 1/16*

IX. Tue MyTH oF ER—TRANSMIGRATION *

It was indeed, said Er, a sight worth seeing, how the souls sever-
ally chose their lives—a sight to move pity and laughter and as-
tonishment; for the choice was mostly governed by the habits of
their former life. He saw one soul choosing the life of a swan;
this had once been the soul of Orpheus, which so hated all
womankind because of his death at their hands that it would not
consent to be born of woman.! And he saw the soul of Thamyras
take the life of a nightingale,? and a swan choose to be changed
into a man, and other musical creatures do the same. The soul
which drew the twentieth lot took a lion’s life; this had been
Ajax, the son of Telamon, who shrank from being born a man,
remembering the judgment concerning the arms of Achilles.?
After him came the soul of Agamemnon, who also hated mankind
because of his sufferings and took in exchange the life of an
eagle.t Atalanta’s soul drew a lot about half-way through. She
took the life of an athlete, which she could not pass over when
she saw the great honours he would win.® After her he saw the
soul of Epeius, son of Panopeus, passing into the form of a crafts-
woman;® and far off, among the last, the buffoon Thersites’ soul

* Trans. Cornford, Republic, pp. 357-58. Superior figures refer to Cornford’s

notes, listed on following page.
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clothing itself in the body of an ape. It so happened that the last
choice of all fell to the soul of Odysseus, whose ambition was so
abated by memory of his former labours that he went about for
a long time looking for a life of quiet obscurity.* When at last
he found it lying somewhere neglected by all the rest, he chose it
gladly, saying that he would have done the same if his lot had
come first. Other souls in like manner passed from beasts into
men and into one another, the unjust changing into the wild
creatures, the just into the tame, in every sort of combination.

Commentators since Proclus have noted that this panorama
of choices of transmigration parallels the list of lovers in the
Phaedrus. This parallel has already been cited in defense of an
asserted parallel between the Phaedrus list and the tyrant’s num-
ber in the Republic. It has not been explained why the parallel
is incomplete; for the relative positions of Epeius and Thersites
on the present list transpose the relative positions of mimetic
artist and craftsman as these were arranged in the Phaedrus
scheme. It is reasonable to suppose that the proximity of the
metaphysical condemnation of the mimetic artist, at the begin-
ning of Republic x, is somehow responsible for this relegation
of the imitator to last place, behind the artisan. Had the same
metaphysical distinction of artifact and mimetic artifact been
observed in the Phaedrus, the effect would have been the adding

*Literally, the life Odysseus chose was that of 2 man who did not engage in
politics and who minded his own business. Compare this with the definition of
“justice” as “minding one’s own business” in Republic iv.

Cornford’s notes:

1. Orpheus was torn in pieces by the Maenads, the women-worshippers of
Dionysus.

2. Another singer, who was deprived of sight and of the gift of song for challeng-
ing the Muses to a contest.

3. After Achilles’ death a contest between Ajax and Odysseus for his arms ended
in the defeat and suicide of Ajax. The first mention is in Odyssey xi.543, where
the soul of Ajax, summoned from Hades, will not speak to Odysseus.

4. The conqueror of Troy, murdered by his wife Clytemnestra on his return
home.

5. Atalanta’s suitors had to race with her for her hand and were killed if de-
feated. Milanion won by dropping three golden apples given him by Aphrodite,
which Atalanta paused to pick up.

6. Maker of the wooden horse in which the Greek chieftains entered Troy.
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of a fourth level of forgetfulness, making the matrix 12-celled,
or 4 %X 3. But just prior to the 9-term list, we are informed
that lovers, each following in the train of his patron deity, are
12 in number.*® [ suggest that Plato here had in mind a sche-
matism of the 12 gods analogous to the 3 and 4 of the 34-5
triangle in the nuptial number, which, if written out analo-
gously, is as shown in Figure 77. In this diagram, rows again
represent dominant parts of the soul of the follower of each
god, while the columns represent objects of love: soul, body,
artifacts, and mimetic works, respectively. Zeus is the patron of
philosophers; Athena, in her character of “lover of wisdom and
war,” of such men as the good state’s auxiliaries; Hephaestus,
of craftsmen; Apollo, of poets. Ares becomes the patron of the
proud king or warrior chief listed in the 9-celled matrix of the
Phaedrus. Artemis is patroness of lovers of the chase, who are
not concerned with improvement of the body, as the gymnasts
and physicians are, but with the capture of external creatures.
Hermes, whose name in the Cratylus is found appropriate to his
attributes of thief and liar, becomes the patron god of Sophists,
who imitate intelligent discourse. Aphrodite, the goddess of
physical love, becomes the patroness of those who put their faith
and center their interest in bodily appearances, as the democratic
man typically does in the Republic. Hestia, the stay-at-home
goddess who never sees any of the forms, is well adapted to be
the prototype of the woman who, always preoccupied with her
affairs within the house, has no interest in or knowledge of the
world outside, and acquires no virtue but only petulance from
her preoccupation with domestic minutiae; this is a type of
woman whom Plato elsewhere deplores, and intends to abolish
in any good state. Poseidon, finally, the Earthshaker, ruler of
the stormy sea, driver of horses, founder and patron of the vast
and potent state of Atlantis, is, in his unbridled power, pre-
sumably the patron deity most akin to the power-seeking tyrant.
A sign of this is the lapse of the god’s Atlantean descendants
into unbridled tyranny. Not only does Hestia never march in
the parade, but there would seem to be great doubt as to
whether Poseidon’s steeds and chariot, designed to be ocean-
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going, will ascend high enough to show their follower anything
but the foam-crested waves of the sea.

Arranging the souls which transmigrate in terms of this list,
they seem to represent a section running across the upper row,
with the exception of Atalanta, whose juxtaposition with Ajax
and Agamemnon helps to indicate their true characters. The list
of transmigrating souls now becomes:

ORPHEUS AGAMEMNON EPEIUS ‘THERSITES
THAMYRAS AJAX
SWAN AND OTHER ATALANTA

MUSICAL CREATURES

Here, as in the later Phaedrus list, a larger number of instances
may tend to indicate the categories of a higher type.1®

The interrelation of these characters is partially indicated by
the comment that the lot of Ajax was the twentieth.'52 There is
good reason to suppose, with the ancients, that this piece of
information is a functional detail. It appears clear that 20 is
chosen because Ajax’ category of lover is second in excellence,
and viewed in the mythical context of punishment and reward,
the ordinal difference is here given its eschatological tenfold
magnification.

Nor do the first and last choosers in this panorama fit badly
with the present interpretation of the Epeius-Thersites reversal.
The first man to choose represents a masculine follower of
Hestia. Incuriously accepting life in an orderly state, he appears
on the plain with no intellectual vision to guide him in making
his choice. As his exact opposite, Odysseus, drawer of the final
lot, has seen all the cities of men. He is the very antithesis of
the stay-at-home type, and he has been the hated enemy of the
god Poseidon. The life of Odysseus’ choice is one in which a
man has a chance to become a follower of Zeus by cultivating
philosophy; and this choice by the hero of widest experience
gives a pragmatic confirmation to the doctrine of the relative
happiness of the just man developed theoretically in the ante-
cedent argument of the Republic.

This analysis raises the question, also posed by the operation
of subtraction of segments in the nuptial number diagram, of
the reason for the contraction of the larger schematism of 12



GEOMETRIC METAPHOR 207

lovers to the smaller matrix of 9. It was suggested, in connection
with the nuptial number operation, that the four-part division
of knowledge, while metaphysically relevant, was not morally
s0, since normal human experience would by maturity give
every man the kind of practical knowledge which is character-
ized as “opinion.” In effect, this collapses the metaphysical dis-
tinction between the makers of artifacts and the makers of
mimetic artifacts. Psychologically, the poet and craftsman are
akin; neither has an art which conduces to his moral excellence
or wide experience. Both, therefore, operate on the level of
opinion; both may be regarded as lovers who have forgotten
everything about the forms once seen except those properties
observable in external bodies. The followers of Apollo, Hermes,
and Poseidon differ from those of Hephaestus, Artemis, and
Hestia neither in forgetfulness nor in vice; therefore the 12
trains of gods are adequately represented by only 9 kinds of
lovers. In this reduction, the poet finds himself identified with
the lover of beautiful bodies, the follower of Aphrodite, the
democratic mentality; and since ignorance is the major princi-
ple of organization of the list, the poet is placed a step above
the craftsman. The hunter is not included, the Sophist replacing
him; the stay-at-home drops out, and is replaced by the ignorant,
stay-at-home tyrant.

Figure 76

MATRIX OF CHARACTER WITH FOUR LEVELS OF
KNOWLEDGE DISTINGUISHED

INTELLIGENCE FORMS BODIES ARTIFACTS IMITATIONS
REASON Philosopher  Auxiliary Artisan Poet
SPIRIT General Athlete Sophist Actor
APPETITE Merchant Democrat Tyrant Housewife
MOTIVATION

Though other contexts (e.g., Republic 546C) involve imagery
suggesting that no adult of normal experience will remain in the
state of being of someone whose knowledge is pure sixacia, such a
life remains a metaphysical, if not a practical, possibility. It would
represent a level of ignorance below that of the artisan, whose
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interests are centered on mimetic artifacts which lack tangible func-
tion and reality. The actor, as he projects the poet’s insight into
physical performance, obviously belongs where he is placed; and
this explains why Epeius and Thersites appear in the pageant in
that order. The location of the incurious, uninformed housewife,
on a level of stupidity equal to that of the mountebank and too
out of touch with practice to make possible such social damage as
the tyrant effects, is suggested by the fact that the patroness of
keepers of the hearth, Hestia, is the only deity who never joins in
the parade of the gods, so that her followers patently have no
opportunity at all for intellectual insight.

This matrix is not necessarily one that Plato himself had in
mind, but is put forward as a schematic way of showing how the
contextual stress on the four levels of reality of the divided line
could suggest the reversal of actor and artisan.

Figure 77

MATRIX OF CHARACTER APPLIED TO OLYMPIAN GODS WHO
ARE PATRONS OF TYPES OF HUMAN LIFE

FORMS BODIES ARTIFACTS IMITATIONS
Zeus Athena Hephaestus Apollo
Ares Artemis Hermes Demeter
Hera Aphrodite Poseidon Hestia

For Plato’s myth to be plausible, it is necessary only that the
range of interest and temperament of the Olympians be adequate
to the range of lives that their followers represent. However, as
the present list of patrons shows, the actually recognized personali-
ties of Olympus present a fair one-to-one correspondence with the
different categories of type of character derived from a 12-celled
reason-motivation matrix. Aphrodite seems a suitable patroness for
the democratic man who is a “lover of sights and sounds”; Demeter
is identified with the actor, perhaps on tenuous grounds, because
she communicates in the mysteries in her honor through enacted,
allegorical pageantry; Hestia, as outside the procession, seems to
require the corner location in the present scheme.

This figure is intended to suggest that no matter how closely
Plato checked the adequacy of his story of the twelve processions
and patrons, the correspondence to his purpose at hand would still
have seemed adequate.



CHAPTER IV

Algebraic Metaphor

Introductory Comment

PraTo chooses with care and frequently employs mathematical
illustrations based on the concept of ratio. The modes of pro-
portionate, qualitative relation may be metaphorically identi-
fied with the modes of relation of things, either as parts in
wholes or as entities juxtaposed in some sequential order. The
metaphor may be projected, in turn, from algebraic to geo-
metric symbolism, in which case proportionate relations are
presented as constitutive of a metric scale or net. In this context
more than in that of geometrically mathematical imagery, which
we usually identify as “mathematical imagery” proper, a later
literalness which refuses to accept the concept of algebraic illus-
tration as metaphor has rendered passages opaque to attempted
interpretation.

The only way in which the metaphorical significance of pro-
portion can be recaptured is through the device of defining and
classifying certain more general types of relational pattern, of
which quantitative ratios provide illustration as instances of
each type. In this way, some of Plato’s less understandable state-
ments about proportion can be exhibited as metaphors of the
familiar kind, in which there is “substitution of one species for
another within the same genus.” But to do this involves a pre-
liminary abstraction and formalization which only a Platonist
enamored of the Parmenides is likely to enjoy.

In the course of this discussion, several instances will appear
of a Platonic metaphor which has later, in a more formal and
literal interpretation, provided the basic insight of a branch of

209
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mathematical science. Such instances of later development will
be cited not with any intention of claiming that Plato antic-
ipated statistics, logarithms, and calculus but as evidence that
his choice of algebraic metaphors is not unmathematical, as
their contextual vocabulary could lead a modern reader to
suspect, and that in some cases the metaphor chosen has been
adopted as literal fact by later mathematicians.

In general, four entities, a, b, ¢, and d, are in proportion
when the relation of a to b is identical with that of b to c.
A term b is a mean when a has to b the identical relation that b
has to ¢, and when the set a,b has this same relation to the set
b,c. Two sets in proportional relation are *similar,” though
some cases of intransitive similarity probably cannot be con-
strued as literally proportionate. It is, of course, neither neces-
sary nor desirable, as these abstract preliminary definitions indi-
cate, to interpret proportion as an essentially quantitative re-
lation.

The degree and mode of connectedness which a proportion
expresses depend on the natures of the two relations (1) be-
tween the members of the sets and (2) between the two sets

themselves. In effect, the symbol “::” is itself analogical or
equivocal, since different types of relation may correlate sets
that are analogous. Relations of “::” may be classified into two

broad types, the “translative” and “projective.” A translative
relation is a correlating relation equivalent to a rigid displace-
ment of one set in space or time. If isomorphic and analogous
sets of parts are combined in identical relational nets at differ-
ent dates or positions, the analogy is so highly specific and close
that the sets and their elements are called “the same.” Thus
the organs of one man are “the same” as those of another,
since the two men have ‘“the same” structure and form. The
ultimate test of translatability is dependent on the identity of
function in context of any two structures that are the same.
We can imagine the one set replaced by the other—a given
table by another table, a saw by another saw—and this replace-
ment effects no change in the context or function.

The degree of analogy involved in the class of “projective”
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relations is less close, and projectively related sets are only
“metaphorically called ‘the same’” or “similar.” As opposed to
rigid translation, projection may involve both change of kind
and change of scale between the parts related. It is not possible
to imagine the one set as simply substitutable for the other,
because of a difference in their respective contextual functions
and their spatial and temporal scope. Perhaps it would be more
accurate to say that the elements of sets in projective relation
are correlated on a different principle from that correlating
those in translative relation. The elements of translative sets
are connected by identical relations, and are isomorphic. With
projective sets, this identity no longer holds in the same way;
one can say only that any two correlated pairs are connected by
relations of the same relational class or type. In organized struc-
tures, the relations of elements are always ‘“harmonious.” A
“harmonious” relation may be described by its stability; it is a
relation that preserves and reinforces the identity of each of its
relata, both in itself and in its context. All relations not
“harmonious” are “hostile.” Elements in hostile relation alter
both their relational patterns and their identities.

We may now summarize the nature of projection by saying
that if the relations of parts of two “similar” sets are correlated,
each correlated pair will belong to the same relation-class in
respect to its harmony or hostility. Two sets need not be isomor-
phic to be placed in such a projective correlation; the relations
between complex parts of one may be correlated with the rela-
tions of incomplex parts of the other. If the one structure is
replaced by the other, the result will be invariant in respect
to its internal unity, but altered entirely in respect to its func-
tion in context. (The nature of the modification of an analogue
to the theory of types required to avert paradox when such a
broad concept of correlation is introduced would require an
intensive study of the formal structure of Platonic logic.)

Some such preliminary abstract discussion as this is needed
as a way of explaining and correcting a peculiarity of the inter-
pretation of proportions and analogies that became characteris-
tic of Neo-Platonism. A typical Neo-Platonist would see no
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sharp difference in kind between the analogical identification
of the cosmos with the human organism and that of one individ-
ual human organism with another. In the latter case, as in the
former, his interpretation of dialectical proportions presup-
poses a one-to-one correlation of all parts of both sets and an
identity of the relational connections between them. Thus, if
“man is like the heavens,” it would seem legitimate in this
mode of discourse to ask where the heart, liver, etc., of the
heavens are. If he finds the constellations analogous, astrology
becomes a branch of the Neo-Platonist’s philosophy. Or he may
ask—and this is a key question of Neo-Pythagorean embryology
—what seven ages in the life of man correspond exactly to the
ratios of the heavenly periods of planetary motion. The assump-
tion that the relations of all members of projectively analogous
sets are literally identical leaves room for only one key pattern
of proportions, which all subject matters share. Thus a biologist
in this tradition can make the assumption a priori that the
quantitative ratios of the periods of the planets are identical
with the set of key ratios determining organic development, and
his only task is that of filling in the blanks in this ready-made
pattern with the names of the biological parts with which the
planets are in one-to-one correlation. This leads to absurdities
ranging from the conviction that all sets with the same number
of members are essentially the same (Aristotle ! satirizes this
belief in his criticism of the Pythagorean assertion of the essen-
tial analogy of all sets having the cardinal number 7) to the
conviction (for example, of Proclus) that each passage in Plato
is susceptible of interpretation as a theorem in every known
science.? Plato’s own handling of such matters as the microcosm-
macrocosm analogy and the interpretation of other philosophic
texts leaves no doubt that such grotesque dialectical practice
was not his own.

For Plato, the likenesses of structures which are wholes (i.e.,
structures adapted to single functions) hinges on the fact that
all parts in any such structure must be connected in a way
which prevents either the deformation or removal of any func-
tional part, or a transposition of parts which would lead to such




ALGEBRAIC METAPHOR 213

deformation or removal. The number and character of “parts”
will vary with the function of the ‘“whole”’; and the specific
relations through which each part, by sustaining the whole, also
preserves and sustains the other parts, will also vary. The invari-
ant basis of the Platonic projective analogy is that the unity
and value of organization demand that the constitutive organiz-
ing relations be the same in kind. Thus the collection of
analogies ceases to be an arbitrary game, because the demand
of functionality introduces a restriction to the range of com-
parable parts, and the demand of strict isomorphism among the
equations of the several sciences is replaced by the demand that
every science be inclusive and comprehensive, so that each
theorem may contribute to and be functional in the system as
a whole. A later interpretation of the mathematical images of
the Parmenides will be concerned with this relation of parts,
wholes, functions, and their associated structures.?

A second distinction of kinds of relation constituting propor-
tion is a distinction, within each member of the analogy, of
the mode of connection of its terms. The connecting relation
between terms may be simply an identical juxtaposition, an
external relation, or actual identification of one term with an-
other within a connecting constitutive class, which is an internal
relation. The Pythagoreans and Plato differentiated multiplica-
tion from addition on the ground that a number’s factors are
constitutive of it, determining its nature in a way that a ran-
domly chosen predecessor in the integer-series, which may be
equated to the number by a suitable addition, does not.

Thus if the ratio a : b is a multiplicative relation, a is a factor
constitutive of b, and a and b have something in common, since
the character of a is reflected in the nature of b. The use of
multiplication as a symbol of marriage brings out the basic
notion of this interpretation; the children, who are the “prod-
uct” of father and mother, resemble both in their inherited
natures, just as an arithmetical product resembles both of any
pair of its factors.

On the other hand, if a : b is an additive relation, only some
sort of juxtaposition, and no real connectedness, of a and b is
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created. The connecting power of a mean term between the
extremes a and ¢ can be symbolized by noting that if the mean
is geometric, such that ax = b and bx = ¢, then ax® =¢; and
that if the mean is arithmetic, @ 4 2x = ¢. The geometric rep-
resentation of ratio, in which a- ¢ is a closed rectangular figure
and in which a 4 ¢ is simply two juxtaposed figures, reinforces
this notion of the external character of sum as opposed to
product.

Two classes may be “bound” or “connected” by the creation
of an intermediate class between them, similar to both. Like
entities fuse together, unlike separate. Thus if the two unlike
and extreme classes, @ and ¢, are brought into contact, they will
not hold together. If, on the other hand, a is brought into con-
tact with a like class, b, and b with ¢, which it is like, the chain
a-b-c will hold. Terms in proportionate relation cannot be dis-
connected by reversal, translation, or any external force causing
a transposition, since any such force will have the same effect on
all similar entities on which it acts, and will therefore exert the
same transposing effect on both sides of the proportion.

The concept of analogy is also fundamental to any definition
or theory of measure. In its simplest form, measurement simply
establishes a translative relation between an arbitrary “stand-
ard” and a *“magnitude” homogeneous with it, to which the
standard is applied. The relation within members is additive,
and the integers are used to count the successive translative
applications of the standard to the magnitude. Thus such meas-
urement takes the form of the proportion [:s:: x : m.

It is also possible to conceive s and m as related projectively,
and the integer-standard as a multiplicative relation rather than
an additive one. This leads to measurement of a different type,
which Plato calls “evaluation” and opposes to pure “descrip-
tion.” This is the sort of measure that a craftsman uses to cor-
rect dimensions of parts which are detrimental to the function
of the whole. In such evaluation, description may still be in-
volved; indeed, without the accuracy contributed by descriptive
technique, the craftsman could not achieve the desired results.
The basic relation of such normative measure may be schema-
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tized by the proportion: I:[p:s]:: x:[q: m], where p and q
are functional parts of the wholes s and m, and the craftsman
must solve for x, the descriptive measurement of q.

Two different concepts and employments of metric nets fol-
low from these metaphors of measure. An additive or descrip-
tive metric net is a set the terms of which are connected entirely
by repetitions of a translative or additive relation, R. Thus a
spatial grid-scheme, with a spatial unit serving as the side of its
squares, and with corners as entities connected by the grid, is
an example of a descriptive net of this type. The scope of such
a net can be increased (that is, entities not falling at intersec-
tions can be described) by a further subdivision of the individ-
val net squares. It is significant that Plato nowhere employs a
net of this simple descriptive type, although in several passages
he introduces variations of it in taking account of mechanical
interactions between parts. The appropriateness of this applica-
tion is perhaps indicated by the fact that any problem for which
the operations of solution can be represented in such a descrip-
tive net can be solved by a calculating machine. This remains
true if the operations involved include not only R, but also the
converse of R, R—*. The operations of an abacus or balance are
such descriptive calculi; and their mechanical character is dep-
recated by Plato when he separates ‘“computation” from
“mathematics proper” in Republic vii* The “normative”
metric net, on the other hand, gives the quantitative analogue
of systems of part-whole relations such as are expressed by the
artist’s proportions.

The simplest example of such a net is the bare enumeration
of parts in a hierarchy, where the order reflects a relative im-
portance or scope. The combination-matrix, in which two sets
of ordered spatial positions are correlated with two sets of
ordering relations, is another such simple projective net. In
fact, the use of such symbols to schematize relational order is
the fundamental principle of the construction of mathematical
imagery. In the Laws, Plato suggests that a divine justice would
so arrange distribution of wealth that the two series, ‘‘relative
wealth” and “relative human excellence,” would coincide.’
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A normative system of measurement involves some technique
of measuring and comparing degrees of deviation from the
standard or norm. Such an “index of aberration” can be derived
by comparing the actual dimension of a part with the ideal
dimension; the ratio of these two, taken as an index of error,
would permit a comparable evaluation of technical works of
any type or size. In fact, if we grant the highly un-Platonic
axiom that most entities realize the ideal structure, modern
applications of the normal distribution curve and the standard
deviation are exact counterparts of Plato’s metric metaphors of
the normative type.

The problem in legislation may seem to be that of making
the social privileges of wealth and the power of a citizen deviate
from some constitutionally established “normal” by a distance
comparable to that by which his actions deviate from the legally
established social norm. We should look, then, in the arithmeti-
cal details of the Laws for some such correlation of degrees of
deviation.

One other, more special usage of ratio must be considered.
This is the use of geometric progression as a schematism or sym-
bol of organic growth and causal efficacy. The Laws, Epinomis,
and Aristotle in the De anima record such schemata.® An in-
corporeal principle becomes causally effective in space and time
first by generating an order, then a two-dimensional plan, and
finally an embodying spatio-temporal construction. Plato sym-
bolizes this process by which an idea or insight issues in a physi-
cal creation as a 1:2:4:8 progression, from 0 to 3 dimensions.
A goal or ideal first manifests itself without any associated plan;
more relevant factors are ordered in respect to it, until at last a
construction issues in physical action. The organizing power of
a principle, as it projects order into structures of increasing
complexity, generates a relational net of order correlated in this
metaphorical representation with the exponential relation be-
tween its terms. The internal relations of organizing, and of
being organized by, are used as the framework of the propor-
tions which God marks off on his cosmic scale in the Timaeus,
and by which he determines the intervals of the circles of the
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planets.” The important aspect of this exponential net in its
context seems to be that it carries over the symbolism of the
multiplicatively related mean as establishing an internal rela-
tion; so that the connection between any sequential entities in
the net is internal, and their relation one of “friendship” or
“linked connection.” The choice of the exponential relation as
a symbol of internal connection and harmony results in a con-
struction which the modern mathematician would at once rec-
ognize as a logarithmic scale. The research into the logarithmic
spiral as typical of processes of growth in nature would no
doubt have seemed to Plato a sound and illuminating metric
metaphor.?

In classifying ratios Plato follows the Pythagoreans in setting
aside as a special harmonious class those integral ratios which
had been found empirically to correspond to the concordant
intervals of the musical scale. The peculiarity of these ratios is
that they are simple and integral, with integers less than 10.
“Concordance” seems to result from a special kind of co-opera-
tion or reinforcement between different tones. A concord is not
the average pitch of its constituent notes, but a combination in
which each constituent reinforces the identities of the others.
The peculiar simplicity of the integral foundation of musical
theory may have been instrumental in suggesting the doctrine
attributed by Aristotle to Plato, that the number series is modu-
lar at ten, so that the first ten integers are adequate to describe
and establish the whole system of relations of numbers.®

A “‘concordant” relation seems to fall, as a metaphor of con-
nection, somewhere between the internal relatedness estab-
lished by a geometric mean, and an external relation such as is
symbolized by an arithmetical mean. A third type of mean, the
“harmonic,” symbolizes this intermediate tightness of connec-
tion.

The preceding discussion is illustrated by Figure 78, on the fol-
lowing page.

The ordering of kinds of motion in Laws x entails a classifica-
tion of relations similar to that developed in Figure 79. The kinds
of change are ordered in terms of the amount by which the identity
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Figure 78

SCHOLION: THE THREE KINDS OF RATIO
(Greene, Scholia Platonica, pp. 167-68)

Gorgias 508A
Geometric Equality *

(1) This is justice, for the geometrical proportion is called the
order of Zeus in the Laws, and through it all things are ordered
and determined. (2) A proportion is called “arithmetic,” when of
three unequal numbers, the mean exceeds and is exceeded equally,
e.g., 2:4:6. It is called *“geometric” when of three unequal num-
bers, the ratio of the first to the second is also that of the second
to the third, e.g., 4:6:9; it is called “harmonic” when of three un-
equal numbers, the ratio of the greatest to the least is the same
that the larger difference has to the smaller, e.g., 2:3:6.

2 4 6 4 6 9
| pe=2 | opim=2 | | Rato=32 | Rao=3.2 |
ARTTHMETIC GEOMETRIC
2 3 6
I Diff. =1 pif.=3 |

Diff. = 2 '

HARMONIC,  3:] ratio

of the subject is affected, i.e,, by the degree of difference between
the object in its final changed and original form. Since the classi-
fication of tightness of analogy was suggested as based on the kind
of relation necessary to transform one analogue into its counterpart,
the list should be the same as a list of the relations holding between
the initial state of a thing and its form as altered because of change.
The list of changes runs: rotation, translation, mixture, separation,

*® This is Plato’s phrase. It is used by the scholiast to identify the subject of
his comment.




Figure 79

MOTION
BODY SOUL
PLACE QUALITY QUANTITY BEING
» .
S Moving and
Rotation Mixture Increase Generation Moved by Others
Translation Separation Decrease Destruction Self-moving and

Controlling Others

SCHOLION: THE TEN KINDS OF MOTION (Laws 894B)
(Scholion figure from Greene, Scholia Platonica, p- 354)
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growth, diminution, generation, destruction, self-motion externally
caused, self-motion self-caused. (Of these, we are told that the last
two should have been put first, as they are the primary and prior
sorts of motion.)

In effect, this gives the following classification of the correlating
relations by which analogy can be established:

1. Rotary and translative relations of correlation hold where
there is a one-to-one correspondence, and such analogy is so close
that it may be stated as an identity.

2. Mixing and separative relations involve a one-to-one corre-
spondence of one analogue with a subset of the other. The two
are not interchangeable, and the analogy is less close.

3. Growth and diminution involve, on the one hand, new addi-
tions, so that correlation is still only with a part of the changed
form; but within this correlated part, the relation is projective;
whatever scale is relevant must be stretched or shrunk to show the
analogy of the one with the other.

4. Generation and destruction, as relations transforming two sets
into each other, can yield only a statement of contrast, and no
analogy at all.

5. Self-motion is a property of organized dynamic systems, which
are analogous in their common possession of some sort of part-
whole organization, retained and self-sustaining through changes o}
the other kinds enumerated. Thus an organism retains its identity
through changes of place, context, and growth. Analogy between
such organisms rests on the similarity of kinds of relation holding
between parts of functional wholes, and on the common resistance
of such relational nets to change in spite of other relational changes;
the parts remain integrated throughout a motion of the whole.
Analogies based on relations of this sort, while more difficult to
exhibit as simple correlation, take account of a more basic identity
and similarity than those of other kinds.

I. CONSTRUCTION OF THE WORLD-SoOUL

Timaeus 35 *
The things of which he (God) composed the (world) soul, and the
manner of its composition, were as follows: (1) Between the in-
divisible Existence that is ever in the same state and the divisible
* Trans. Cornford, Cosmology, pp. 59-60, 71, 73.
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Existence that becomes in bodies, he compounded a third form
of Existence composed of both. (2) Again, in the case of Sameness
and in that of Difference, he also on the same principles made a
compound intermediate between that kind of them which is in-
divisible and the kind that is divisible in bodies. (8) Then, taking
the three, he blended them all into a unity, forcing the nature of
Difference, hard as it was to mingle, into union with Sameness,
and mixing them together with Existence.* And having made a
unity of the three, again he divided this whole into as many parts
as was fitting, each part being a blend of Sameness, Difference
and Existence,

And he began the division in this way. First he took one por-
tion (1) from the whole, and next a portion (2) double of this;
the third (3) half as much again as the second, and three times
the first; the fourth (4) double of the second; the fifth (9) three
times the third; the sixth (8) eight times the first; and the seventh
(27) twenty-seven times the first. Next, he went on to fill up both
the double and triple intervals, cutting off yet more parts from
the original mixture and placing them between the terms, so that
within each interval there were two means, the one (harmonic)
exceeding the one extreme and being exceeded by the other by
the same fraction of the extremes, the other (arithmetic) exceed-
ing the one extreme by the same number whereby it was exceeded
by the other.

These links gave rise to intervals of 3% and 44 and % within the
original intervals. And he went on to fill up all the intervals
of 44 (i.e. fourths) with the interval % (the tone), leaving over in
each a fraction. This remaining interval of the fraction had its
terms in the numerical proportion of 256 to 243 (semitone).

By this time the mixture from which he was cutting off 1 these
portions was all used up.

In his construction of the world-soul, Plato represents God
as a maker of astronomical models. In order that the constituent
motions of the system may be specified with greater clarity, the
soul is described as constructed of moving concentric bands,
like the metal bands representing equator, ecliptic, and plane-

* Cornford retains off neoi (see p. 225).
1 See notes 11 and 12 to this chapter.
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tary orbits in a Greek astronomical model.!* But before he
bends and arranges the strips of the alloy of being, same, and
other, God cuts into the bands the marking of a metric scale,
to serve as a measure of their relative positions and motions.™
He subsequently uses the framework of this same scale to adjust
the distances and velocities of the subdivisions of the circle of
the other.!?

There is a double problem that must be met in such a cosmic
construction. In the first place, same and other, by their natures
hard to mix, must be harmonized in such a way that the unity
of the world-soul will be preserved. As a corollary, the external
relations of part to part in cosmic process, which are relations
according to the other, must be given their proper places as the
mechanism by which these moving parts are forced into the
internally adjusted patterns which relate them according to
the same.

The metric scale which God employs, and etches into the
substance of the world-soul, is constructed in a manner which,
through a meticulous use of mathematical metaphor, symbolizes
the structure in which God has blended the other and the same.

There has always been a temptation for later readers to con-
strue these proportions as intended to present an empirical
description of astronomical phenomena. There is always also
the opposed temptation to treat these proportions as a whim-
sical elaboration of the poetic concept of the “harmony of the
spheres.” But neither of these interpretations is quite correct.
Plato’s metric scale is actually a presentation (as Proclus thought
it was) in the form of algebraic metaphor of a schematism of a
relation of parts and wholes in adjusted structures, a schematism
indicating the dialectical method appropriate to cosmology. In
this passage, differences in kind among entities appear as differ-
ences in quality between the illustrative numbers and their
ratios, and God builds into the world-soul exactly the type of
structure which reason will develop as the architectonic of ra-
tional cosmology.

The schematism is based upon a pair of different exponential
series, of the type previously referred to in the classification of
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ratios, as symbolizing internal relations. It is important that the
key elements be integers, integrally related. Presumably the
tradition is quite right which identifies the sequence of even
numbers with the element of the other, the odd numbers with
that of the same.!® These two distinct constituents are mixed
or harmonized by the insertion between them of arithmetic and
harmonic means. Schematically, this is analogous to a gluing or
joining of substance between same and other; for the arithmetic
mean is a mathematical analogue of the relation holding ex-
ternally between mechanically connected objects, and the har-
monic mean also has this character of external connection.

Although such statements of interpretation as “odd numbers
symbolize the same” have a Neo-Platonic sound to them, and
therefore are automatically discounted by the modern scholar,
this is a case where the Neo-Platonists were entirely right. If
it is true, as has been already suggested, that Proclus tried to
find in every mathematical image in Plato a schematism of
method and relations which the scientist could use as a kind
of standard form in which to arrange his data, this particular
mathematical image was made to order for his technique. True,
Plato presents this as a schematism of the distinctions appro-
priate to a discussion of cosmology, and there is every reason
to think that he would dispute any attempt to apply it to other
discussions. It is peculiar to the Timaeus, and would be mis-
leading and out of place in the Republic. But, in the Timaeus,
it does just what Proclus expected it to do; and his interpreta-
tion, on which the following discussion is based, has never been
equalled or surpassed.

To counteract the overtones of this explicit Neo-Platonism,
it is only right to state that what is to be developed in the
present discussion is not a theory of mystical affinities between
numbers and things, but a display of the connections of the
terms of a cosmology in an algebraic schematization. Such an
algebraic display is thoroughly, in fact surprisingly, modern in
spirit. The concern of contemporary symbolic logic is precisely
the study and construction of such algebraic schemata. But this
modernity of spirit has been effectively masked by an antiquity
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of form which depends on metaphorical interpretation of a spe-
cific instance, rather than on an ambiguous notation, to secure
its generality of statement.1¢

The central point in this schematism is its remarkable reflec-
tion of the fact that a right connection of separate parts, sche-
matized by the insertion of the arithmetic and harmonic means,
can lead to a fusion and emergence of these parts internally
connected in wholes. The geometric ratio reappears as a connec-
tion between sets in the developed scheme. (The geometric
ratio had been identified by Plato with the class of relations that
hold together the parts of functional wholes.) The unity, intel-
ligibility, and wholeness of the world-soul are insured by con-
tinuing the construction until a harmonious ratio holds be-
tween each adjacent set of parts.

The schematization has been developed in stages that succes-
sively direct the reader’s attention to types of relation which
themselves appear successively as central in Plato’s own discus-
sion of cosmology. First there is the relation of the pair of
constituents, being and becoming, into which the cosmos can
be analyzed. Next there is a discussion of the juxtaposition of
externally related elements which are the “auxiliary causes” in
making the copy resemble its model. Finally, in the Timaeus,
there emerges a set of organic patterns created from the planned
construction of these externally related connections.

The cosmologist, like the creator, founds his discussion on
the principles of being and becoming, and same and other, as
basic constituents of the cosmos. Within this frame of reference,
however, he cannot explain such phenomena as death, disease,
and war, which arise from the interference of externally related
parts within the whole; a description of creation in terms of its
likeness to a perfect mode] can account only for its total perfec-
tion, not for any defections in its parts. A theory of elements
must therefore be provided, to explain the mechanism by which
being is projected into becoming. The final view, in which the
mechanism of elements in the universe is seen to create the per-
fection of the universe, and of its subordinate constitutive
wholes, shows how external relations of elements, built into
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organisms, can frustrate effective organization, and gives a
clearer insight into the way in which reason for the most part
persuades a recalcitrant necessity.

This same schematism will therefore apply to a discussion of
astronomy, as a study of a special, particularly accurate, aspect
of cosmic order. The creator uses the same scale in subdividing
the soul of the world that he employed in its original constitu-
tion, so the schematism of creation serves as the paradigm of
the system of planetary motion as well.

This interpretation of the series of even numbers can hold
only if the frequently bracketed ad meoi is retained in the
text, as Proclus retained it.! The effect of this phrase is to in-
dicate that the mixture does not involve same and other in
their absolutely pure form, but a sameness and otherness al-
ready partly blended with substance, so that their natural
contrariety is lessened. The relation of otherness, as explained
in the Parmenides, is solely an external, part-to-part relation.'®
Unless we think of this principle as already sufficiently imbued
with some sameness through its mingling with substance, rela-
tions of otherness would have to be schematized disjunctively,
as an atomic set. However, an otherness manifesting itself as an
external relation of physical or psychic entities can be schema-
tized as involving some internal connection. The phrase some-
what complicates Plato’s account, but is needed to make the
intended point that God is a creator, not a dialectician, and that
his creative activity utilizes a substantial raw material as me-
dium, not the dialectician’s pure, insubstantial, abstract contrary
classes. The result of mixing pure same and other would not
be a soul, but an intelligible class, assuming (quite un-Platoni-
cally) that God could cause these contrary classes to mix in their
pure form. The classification of the raw materials thus follows
the same method as the later schematism of cosmological struc-
ture: intermediates are inserted to connect the disparate classes
of other and same, just as arithmetic and harmonic means will
be inserted in the following schematism to connect the disparate
arithmetical classes of odd and even.

This is a remarkable synthesis of many complex mathematical
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metaphors. The initial series from 1 to 27 gives the metaphor
of the music of the spheres. The progression to 8 and 27 intro-
duces the metaphor of progression from a principle to its em-
bodiment, through squaring and cubing. The initial contrast
of odd and even series schematically reproduces the opposition
of same and other, the ingredients blended by God in his crea-
tion of the soul. The two “bonds” created by the first insertion
of harmonic and arithmetic means reflect the two aspects of
cosmic structure central in the dialogue, the arithmetic mean
symbolizing the external relations of mechanical causality, the
harmonic approaching more closely structures such as those
which have a purposive organization and are treated in the
“likely account” early in the discussion. The reduction of the
whole series to a continuous geometric progression (except for
the Aeippa, where, since two metaphors conflict, the reduction
for some terms is only approximate) insures the organic unity
of the cosmos as God has connected its parts. And, if we think
of the specific numbers in this net as replaced by variables, the
schematism gives an abstract representation of the logical rela-
tional structure proper to research in cosmology.

In addition to its synthesis of this imposing set of geometrical
and algebraic metaphors, the repetition of the 2:1 ratio of the
concordances of the initial octave scale carries with it a cyclic
or modular metaphor. (The concept of a modulus, a mathe-
matical metaphor that is natural for reiteration, seems to have
been already formulated by Plato’s time. The Pythagoreans’
concept of the pythmen, their identification of 6 and 5 as “cir-
cular” numbers, and their insistence upon 10 as the natural
base of the number system show this idea emerging in arith-
metic.) ¥ This matrix of doubles is also extremely attractive as a
starting-point for interpretations of the 2:1 ratio as a principle
of projection and of the problematic “dyad.” 18

The synthesizing effect of such a mathematical image as this
is so like the complex connection of image-classes in lyric poetry
that the image may be legitimately classed as an aesthetic con-
struct rather than as an abstract mathematical one. For Plato,
in his practice as well as in his theory, the two are closely akin.
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A thesis basic to this study, that no peculiarly technical or
esoteric reference underlies this imagery, could not well explain
a passage which demanded the solution by its reader of thirty-
four separate algebraic equations. Such an image would be less
a pedagogically useful schematism than a special problem, pre-
supposing a reader who was, for instance, an advanced student
in the Academy. Actually, however, this calculation, as pre-
sented in the following 8 X 4 matrix, requires only that the
reader (1) be familiar with the metaphor of the ‘“harmony of
the spheres,” (2) know the ratios of the notes of the diatonic
scale, and (3) be able to multiply by two. The second condition
can be more accurately stated as follows: The reader must
know (a) that the notes of the octave are in 2:1 ratio, and (b)
that the insertion of harmonic means in the octave gives musical
concords. These items of information are represented as fa-
miliar to characters in the dialogues, such as Eryximachus and
Glaucon, who know them as parts of their general culture, not
as a result of any specialized Platonic or Pythagorean training.

Figures 80-86

CONSTRUCTION OF THE WORLD-SOUL

Figure 80
INITIAL TERMS OF THE SCALE

The lambda-arrangement brings out the distinction of the odd
numbers, representing the same, and even numbers, representing
the other.

SAME OTHER
1
8 2————Linear number
9 4 Plane number
27 8————Solid number
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Figure 81 Figure 82
ARITHMETIC MEANS HARMONIC MEANS
INSERTED INSERTED
18223468 14/328/3416/38
123691827 138/239/2927/2 27

The insertion of harmonic and arithmetic means creates a double
bond (according to the other and according to a mixed relation of
same and other) between the terms.

Proclus’ theorem explains why there need be no specific reference
to the geometric progression:

X : harmonic mean :: arithmetic mean : ¥

In other words, the insertion of these two means produces a 4-term
geometric progression.

Figure 83
BOTH MEANS INSERTED

The inserted links reduce the distinction of the two initial series,
so that the lambda-representation can be replaced by a line

14/38/228/389/2416/36809 27/21827

The connections are made tighter in Figure 84 by inserting links
in 9:8 ratio between the terms which are in the ratio of 4:3, so
that the entire series approximates to a continued geometric pro-
gression, and reproduces the structure of intervals of a diatonic
scale,

Figure 84
MATRIX FORM OF COMPUTATION OF THE SERIES

9/8 9/8  256/248 9,8 9,8 9/8  256/243

1 9/8 81/64 4/3 3/2 27/16 | 243/128] 2
2 9/4 81/32 8/3 3 27/8 | 248/64 4
4 92 8116 | 168 6 27/4 | 243732 8
8 9 81/8 32/3 12 27/2 | 243/16 16
16 18 81/4 64/3 24 27

S e iy e
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In Figure 84 the relation of doubling between rows of the matrix
suggests a way to simplify the intended calculation.
The 2:1 ratio of the octave extends the concordant structure of
the initial scale through the compass of four octaves and a sixth
! necessary to complete the symbolism of extension of the odd series
to a term which is a cube.

Figure 85
TRADITIONAL COMPUTATION
To avoid dealing with fractions, commentators traditionally treated

each term as multiplied by 384 (= 3 X 128) or 192 (= 14 X 384).
The resultant progression is:

1— 384 19— 2304
2~ 432 20— 2592
3— 486 21— 2916
4— 512 22— 3072
5— 576 23— 3456
6— 648 24— 3888
7— 729 25— 4096
8— 768 26— 4608
9— 864 27— 5184
10— 972 28— 5832
11— 1024 29— 6144
12— 1152 30— 6912
13— 1296 31— 7776
14— 1458 32— 8192
15— 1536 33— 9216
16— 1728 34— 10368
17— 1944
18— 2048 Total 105,113
Figure 86

TRADITIONAL COMPUTATION IN MATRIX FORM

The difficulty of computation is considerably reduced if these
figures are also constructed in a matrix of octave width, as follows:

384 432 486 512 576 648 729 768

768 864 972 1024 1152 1296 1458 1536
1536 1728 1944 2048 2304 2592 2916 3072
3072 3456 3888 4096 4608 5184 5832 6144
6144 6912 7716 8192 9216 10368
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II. THE THEORY OF VISION

Timaeus 47

Timaeus 46: * There will now be little difficulty in understand-
ing all that concerns the formation of images in mirrors and any
smooth reflecting surface. As a result of this combination of the
two fires, inside and outside, and again as a consequence of the
formation, on each occasion, at the smooth surface, of a single
fire which is in various ways changed in form, all such reflections
necessarily occur, the fire belonging to the face (seen) coalescing,
on the smooth and bright surface, with the fire belonging to the
visual ray. Left appears right because reverse parts of the visual
current come into contact with reverse parts (of the light from
the face seen), contrary to the usual rule of impact. On the con-
trary, right appears right, and left left, when the visual light
changes sides in the act of coalescing with the light with which
it does coalesce; and this happens when the smooth surface of the
mirror, being curved upward at either side, throws the right part
of the visual current to the left, and the left to the right. The
same curvature turned lengthwise to the face makes the whole
appear upside down, throwing the lower part of the ray towards
the top and the upper part towards the bottom.

Timaeus 48: * And so at the moment we speak of [when the
soul, newly joined to the body, was upset by the violent, com-
municated motions, these sensations] causing for the time being
a strong and widespread commotion and joining with that per-
petually streaming current in stirring and violently shaking the
circuits of the soul, they completely hampered the revolution of
the Same by flowing counter to it and stopped it from going on
its way and governing; and they dislocated the revolution of the
Different. Accordingly, the intervals . . . were twisted in all man-
ner of ways, and all possible infractions and deformations of the
circles were caused; so that they barely held together, and, though
they moved, their motion was unregulated, now reversed, now
side-long, now inverted. It was as when a man stands on his head,
resting it on the earth, and holds his feet aloft by thrusting them
against something; in such a case right and left both of the man
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* Trans. Cornford, Cosmology, pp. 148, 154, 155-56. Discussion of Timaeus 47
is preceded by Cornford’s translation of Timaeus 46, 43, because the latter supply
material indispensable for the interpretation of the theory of vision in Timaeus 47.
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and of the spectators appear reversed to the other party. The
same and similar effects are produced with great intensity in the
soul’s revolutions; and when they meet with something outside
that falls under the Same or the Different, they speak of it as the
same as this or different from that contrary to the true facts, and
show themselves mistaken and foolish. . . .

Timaeus’ account of the genesis of knowledge ? gives the
impression that true insight is inevitable. For the observation
of the cosmic environment stabilizes in the soul those revolu-
tions to which the movements of the cosmos correspond. Two
factors intervene which prevent this automatic acquisition of
knowledge, and provide a physiological mechanics of error. The
first of these is the shock of external relations caused by union
with the body, which interrupts the natural progress of the
soul.?? The second is the unreliability of the senses, which
makes possible misinterpretation of our observations, so that
they seem to confirm an incorrect mode of psychic revolution,?
In the theory of optics, here cited to explain the mechanism of
vision, Plato is providing a theory of error as well. For the
mind, whether it be warped or straight, will seem to find a
reflection of itself in visible phenomena. In a tradition which
has always used analogies of vision and illumination (and the
history of which is usually traced by optical analogies, with the
study of optics often central in that history), this epistemological
extension of the laws of sight does not seem unnatural. The
dialogues abound in examples of lawgivers, statesmen, and
philosophers who seem to be the victims of some consistent
distortion of intellectual vision. These errors in empirical intel-
ligence parallel the analogous distortions of physical sight.

The interaction of the eye of an observer and a plane mirror
typically produces an image which is reversed, with left and
right transposed.?? The distinction of same and other finds its
natural projection, in space and motion, in the differentiation
of left and right. Thus the circle of the other always revolves to
the left. Reversed mental vision would therefore transpose the
columns of matrices, resulting in a reversed apprehension of
same and other.?® This is distinct from inversion, which trans-
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poses the rows of matrices and results in a reversed apprehen-
sion of being and becoming.?*

Moreover, if the mirror is distorted in such a way as to be
concave from top to bottom, the image is inverted. History is
full of references to “inversions” of Platonism, in which the flux
of becoming is taken as the ultimate reality, and the forms
which emerge in that flux are merely its transitory modifica-
tions, appearing for the moment from an unreal, or less real,
shadowy realm of possibility. Plato refers in Epistle vii to the
ease with which anyone who chooses can invert the logos of the
man trying to describe forms, by centering on the inadequacies
of his symbols of description, which are themselves only images.2
Thus the warped mind of an inverted Platonist must seem to
perceive reality as appearance, and appearance as reality. How
the world looks from this point of view is well brought out in
the “account according to necessity,” which follows the present
passage in the Timaeus.?

If the mirror is concave from left to right, however, the object
is not inverted, and the relative location of left and right in the
object and its image correspond.?” This perception is therefore
adequate and suggests that the perceiving mind does more than
simply “hold a mirror up to nature”; the trained mind must
be a corrective mirror in which reflection corrects the discrep-
ancies between objects and purely sensuous images. More spe-
cifically, there must be no inversion; reality must be known as
permanence, not change. Further, there must be no reversal;
the mind must not allow the vividness of sensory accompani-
ment to distract it from the fact that things are known only by
insight into their intelligible structures. Mathematical training
is particularly suitable for correcting the undue vividness of
appearances by accustoming the mind to look for structures
themselves.

A further distortion of objects which mirrors produce in their
images occurs when the mirror is slanted or oblique.?® In this
case, the real and apparent proportions have no metric analogy;
some dimensions are elongated by the glass, others foreshort-
ened. A philosophic system seen thus obliquely loses its coher-
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ence and symmetry and much of its plausibility. It is to such
oblique mental vision that Aristotle’s paraphrases of the Platonic
position would probably have been attributed by Plato, as
doubtless would many more recent oblique interpretations of
the Platonic philosophy.

To grasp forms, the mind must be a blank substrate. But
the mind, jostled by the intrusive body to which it is attached,
lacks the complete absence of quality that characterizes pure
space.?® And as perceptions are stamped out through the senses
on the soul, the quality of the things perceived will be identified
with characteristics which are really contributions of the per-
ceiving mind.

This passage on optics, like the introductions of proportion
in the Republic and Gorgias, provides an insight into Plato’s
analogical method of discussion, and an analogy for examining
the deviations of men who, on the basis of the same experience
as the Platonist’s, have followed other philosophies.

Figures 87-93

THEORY OF VISION: DISTORTING EFFECTS OF MIRRORS

A modern reader can disregard the mechanics and physics of
Plato’s visual ray theory of perception, in dealing with mirror dis-
tortions, since the effects observed are entirely independent of the
postulated mechanism which produces them.

In the following figures, terms in parentheses are not parts of the
matrix reflected, but indicate the spatial orientation of the observer
to the thing seen, hence the designations and interpretations that
he attributes to its spatial relations. In figures 87-93 the mirror
images are used to schematize other philosophies as transforma-
tions of Platonism.

If we substitute the Sophist matrix for the letters in Figure 87,
the effect of this simple reversal is (since the observer’s orienta-
tion, determining the co-ordinates, remains the same) to give an
idealistic emphasis by suggesting that human artifacts and imi-
tations have a primary reality, while natural objects: and images
have a derivative one.




234 Plato’s Mathematical Imagination

Figure 87
REVERSAL IN A PLANE MIRROR

MATRIX SEEN DIRECTLY

(Same) (Other)
(Being) A B
(Becoming) cCD
| - J
Front
Front
Object Image
MATRIX AS SEEN IN MIRROR
Matrix Image
(Same) (Other) (Same) (Other)
(Being) A B (Being) B A
(Becoming) Cc D (Becoming) D Cc
Figure 88
Front
QA® ovO
- Front
Object Image

RECTIFICATION OF MIRROR
TO PREVENT REVERSAL
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Probably one could extend the analogy of physical sight and
intellectual vision to take account of Plato’s mention of the rectify-
ing mirror in this passage by pointing out that education in the
same way “rectifies” the mind’s orientation toward objects in expe-
rience when we have stabilized and corrected the revolutions in
the soul.

Figure 89
EFFECT OF REVERSED INTELLECTUAL VISION

NORMAL INTERPRETATION
(Creations [Reality]) (Constructions [Appearance))

{Objects) Natural Objects Man-made Artifacts
(Images) Images of Such Objects Human Fine Arts

REVERSED INTERPRETATION OF EXPERIENCE
(Creations [Reality]) (Imitations [Appearance])

(Objects) Man-made Artifacts Natural Objects
(Images) Human Fine Arts Images of Such Objects

Note that the transposition of columns suggests, by its reorienta-
tion of terms, that natural objects may properly be explained as a
kind of secondary artifact, a sense of “object” later to become
central in Kant’s philosophy.

Figure 90

Operation
INVERSION IN MIRROR
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Figure 91
EFFECT OF INVERTED INTELLECTUAL VISION

A. LINEAR IMAGES

Normal Interpretation Inverted Interpretation
(Being) (Being)
eternal forms representations
abstract hypotheses opinions
opinions abstract hypotheses
representations eternal forms
(Becoming) (Becoming)

B. PLANE IMAGES: REVERSAL AND INVERSION

NORMAL INTERPRETATION INVERTED AND REVERSED
Nature Artifacts Mimetic Works Shadows
Shadows Mimetic Works Artifacts Nature

Note that in Figure 91 the ontological status of the inverted seg-
ments of the divided line here corresponds exactly with the philos-

Figure 92

EFFECT OF MIRROR AT OBLIQUE ANGLE

b i B i e B
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Y
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ophy of Bergson, in which process is put forward as the primary
nature of reality.

In Figure 92 an image in which the continuity of the parts de-
pends on the metaphor of height is viewed as it appears turned on
its side, in a position where this continuity is no longer operative.
The result of such obliquity is to introduce a separation of entities,
terms, and disciplines which in the original diagram were meant
to be shown as synoptically connected. Again, the divided line is
a peculiarly suitable illustration of this distortion.

Figure 93
EFFECT OF OBLIQUE INTELLECTUAL VISION

NORMAL INTERPRETATION

(Being)
Sciences philosophy
mathematics
Axts technology
poetry
(Becoming)
OBLIQUE INTERPRETATION
(Being)
Sciences: philosophy mathematics Arts: productive fine
(Becoming)

Note that the being-becoming axis ceases to interconnect the
terms. Compare Aristotle’s classification of knowledge:

Arts Sciences
l Fine Productive l | Mathematics Metaphysics
Physics

A part of the total Aristotelian scheme is here presented; it is
intended to be that part which shows characteristically differ-
entiated disciplines replacing the Platonic scale, hence as a typically
oblique vision of Platonism. Aquinas and Kant have classifications
of the sciences that lend themselves to this same interpretation.
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I1I. Tue THEORY OF GEOMETRICAL ELEMENTS
Timaeus 51 ¥
Timaeus 53-56: * Such being their (the elements’) nature at the
time when the ordering of the universe was taken in hand, the
god then began by giving them a distinct configuration by means
of shapes and numbers. That the god framed them with the great-
est possible perfection, which they had not before, must be taken,
above all, as a principle we constantly assert; what I must now
attempt to explain to you is the distinct formation of each and
their origin. The account will be unfamiliar; but you are
schooled in those branches of learning which my explanations re-
quire, and so will follow me. In the first place, then, it is of
course obvious to anyone that fire, earth, water, and air are bod-
ies; and all body has depth. Depth, moreover, must be bounded
by surface; and every surface that is rectilinear is composed of
triangles. Now all triangles are derived from two, each having
one right angle and the other angles acute. Of these triangles,
one has on either side the half of a right angle, the division of
which is determined by equal sides (the right-angled isosceles);
the other has unequal parts of a right angle allotted to unequal
sides (the right-angled scalene). This we assume as the first be-
ginning of fire and of the other bodies, following the account
which combines likelihood with necessity; the principles that are
yet more remote than these are known to Heaven and to such
men as Heaven favours. Now, the question to be determined is
this: What are the most perfect bodies that can be constructed,
four in number, unlike one another, but such that some can be
generated out of one another by resolution? If we can hit upon
the answer to this, we have the truth concerning the generation
of earth and fire and of the bodies which stand as proportionals
between them. For we shall concede to no one that there are vis-
ible bodies more perfect than these, each corresponding to a
single type. We must do our best, then, to construct the four
types of body that are most perfect and declare that we have
grasped the constitution of these things sufficiently for our pur-
pose.
* Trans. Cornford, Cosmology, pp. 198, 212, 218-14, 215-16, 217-18. Consideration

of Timaeus 51 is preceded by Cornford’s translation of Timaeus 53-56 because
the latter has an important bearing on the theory of geometrical elements.
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Now, of the two triangles, the isosceles is of one type only; the
scalene, of an endless number. Of this unlimited multitude we
must choose the best, if we are to make a beginning on our own
principles. Accordingly, if anyone can tell us a better kind that
he has chosen for the construction of these bodies, his will be the
victory, not of an enemy, but of a friend. For ourselves, however,
we postulate as the best of these many triangles one kind, passing
over all the rest; that, namely, a pair of which compose the equi-
lateral triangle. The reason is too long a story; but if anyone
should put the matter to a test and discover that it is not so, the
prize is his with all good will. So much, then, for the choice of the
two triangles, of which the bodies of fire and of the rest have been
wrought; the one isosceles (the half-square), the other having the
greater side triple in square of the lesser (the half-equilateral).
We must now be more precise upon a point that was not clearly
enough stated earlier. It appeared as though all the four kinds
could pass through one another into one another; but this ap-
pearance is delusive; for the triangles we selected give rise to four
types, and whereas three are constructed out of the triangle with
unequal sides, the fourth alone is constructed out of the isosceles.
Hence it is not possible for all of them to pass into one another
by resolution, many of the small forming a few of the greater and
vice versa. But three of them can do this: for these are all com-
posed of one triangle, and when the larger bodies are broken up,
several small ones will be formed of the same triangles, taking on
their proper figures; and again when several of the smaller bodies
are dispersed into their triangles, the total number made up by
them will produce a single new figure of larger size, belonging
to a single body. So much for their passing into one another. The
next thing to explain is, what sort of figure each body has, and
the numbers that combine to compose it.

First will come the construction of the simplest and smallest
figure (the pyramid). Its element is the triangle whose hypotenuse
is double of the shorter side in length. If a pair of such triangles
are put together by the diagonal, and this is done three times, the
diagonals and the shorter sides resting on the same point as a
centre, in this way a single equilateral triangle is formed of tri-
angles six in number. If four equilateral triangles are put to-
gether, their plane angles meeting in groups of three make a
single solid angle, namely the one (180 degrees) that comes next
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after the most obtuse of plane angles. When four such angles are
produced, the simplest solid figure is formed, whose property is
to divide the whole circumference into equal and similar parts.

A second body (the octahedron) is composed of the same (ele-
mentary) triangles when they are combined in a set of eight equi-
lateral triangles, and yield a solid angle formed by four plane
angles. With the production of six such solid angles the second
body is complete.

The third body (the icosahedron) is composed of one hundred
and twenty of the elementary triangles fitted together, and of
twelve solid angles, each contained by five equilateral triangular
planes; and it has twenty faces which are equilateral triangles.
Here one of the two elements, having generated these bodies, had
done its part. But the isosceles triangle went on to generate the
fourth body, being put together in sets of four, with their right
angles meeting at the centre, thus forming a single equilateral
quadrangle.

Six such quadrangles, joined together, produced eight solid
angles, each composed of a set of three plane right angles. The
shape of the resulting body was cubical, having six quadrangular
equilateral planes as its faces. There still remained one construc-
tion, the fifth (the dodecahedron); and the god used it for the
whole, making a pattern of animal figures thereon.

At the outset, it is essential to note that Plato is not here
drawing his illustrations from a pure stereometry of the sort
described in Republic vii.?® Such a theoretical science of solid
geometry must properly proceed from different principles pe-
culiarly appropriate to three-dimensional mathematical objects.
Any reduction of solids to the simpler elements of plane geom-
etry or arithmetic is merely an operational aid to show the
natures of the solids themselves, as geometers engage in absurd
talk about plane figures when they talk of squaring and apply-
ing, as though they were studying combinatorial technique, and
trying to build something rather than to understand it. In a
proper stereometry, “volume” must be a central concept, and
“division” must be construed as a division of volumes.

The present passage, on the contrary, treats the subject with
a technique that is throughout (except when God’s motives are

v et }«.’,‘,Ui'
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specified) combinatorial, and the relevant stereometrical theo-
rems proper must, for the most part, be read in from outside
the given text. The elements of plane geometry are used as the
principles of solids, in apparent opposition to the dictum in the
Republic that each mathematical science postulates its own
contrary principles.®! In fact, in the references to the “numbers”
of which solids are composed, the analytic reduction has been
carried a step further, and the constituent plane elements are
themselves viewed as though they were the units of arithmetic.3?
This strange treatment of volumes as planes is a mathematical
analogue of the treatment of things as radically disconnected by
the removal of all bonds of proportion, as they would be “in
the absence of God.” 3 The principle of a physics of such un-
integrated parts must be shock or contact, as it is in the later
physics of Descartes.3* This is the simplest external relation that
can hold between bodies which are in no way harmonized as
parts of a common organized whole. When applied to mathe-
matics, the analytical technique by which Plato represents or-
ganisms dissolved into constitutive material elements represents
solids as dissolved into mere abstract “sets of points of contact”
—the volume is shrunk to a bounding plane, the plane to an
infinitesimal unit of area. .

Even this identification of elementary entities externally re-
lated by contact requires, in the flow of process, a postulate of
definiteness and order. Pure flow, of an Anaxagorean sort, is
radically unintelligible. The intelligibility of the outcome of
mechanical process, however, requires the postulate that there
be something definite in the flux. Plato indicated this by saying
that “God has marked out” the basic units, separate from each
other, but each retentive of its own spatial identity.“

At this point, there is an obvious objection to the claim made
that this account of Plato’s involves an atypical solid geometry.
The synthesis of these planes into solids results in four of the
five regular solids and presupposes the proper advance of
stereometry through the classification of solids as regular and
irregular. This seems, in fact, the most advanced point which
the science had attained in Plato’s time, and such a develop-
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ment as might have served as a model for the directed research
advocated in the Republic.3®

Though from God’s point of view the results of the fitting
together of these solids do exemplify an application of pure
geometrical science, and possess unusual intellectual and aes-
thetic merit, the process of this synthesis seems not to be de-
veloped as a proper geometrical construction should. Another
reason for the appearance of the “regular” solids here is related
to mechanics rather than to stereometry. The geometer of solids
sees why these solids are best; but a Milesian engineer would
be the man to see why the exclusive fusion of planes into regular
solids is necessary.

If the basic concept of this physics is contact or shock of
corpuscles in a plenum, the basic concepts used to describe this
process for the system as a whole are equilibrium and disequilib-
rium. It is relevant at this point to recall that the mechanical
equilibrium of volumes and densities is made the ordering
principle of the model displayed by Necessity in her personifica-
tion as goddess, in the Myth of Er.” The formation of solids
must respect this same principle. Since the series of corpuscular
shocks is incessant from all sides, only those figures capable of
being inscribed in a sphere will have the equilibrium necessary
to attain stability and escape disintegration. Any irregular pro-
jection or asymmetry in a combination of planes under these
conditions would, when hit, cause the planes to separate again.
The idea of the atomists, that atoms are of all shapes, and
equally cohesive regardless of shape, would have seemed to
Plato to defy mechanics and geometry. One must go to the
geometer of solids to find out how many and what sort are the
solids satisfying this condition of equilibrium, but it is a
mechanically, not geometrically, imposed condition.

A further confirmation of the fact that this account is mathe-
matically atypical is found in the use of the dodecahedron.3®
God again enters explicitly to insure that the universe will not
be lacking in perfection, but, as it included all living creatures
in the earlier account of creation, it will now comprehend all
of the “fairest” solid figures. God includes this dodecahedron by
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using it for the ornamentation of the heavens. Only in an ac-
count “according to necessity” could Plato recognize this sort
of decoration as a legitimate mode of “‘inclusion.” In the Repub-
lic, the work of the scene painter is criticized because it is not
“included” in nature as real objects are.’® But immediately
after that criticism, Plato goes on to a myth in which the pic-
torial qualities of a cosmic model give the observer his clue to
its mechanism, and in this myth omits the names of the planets
presumably because their use would give an intellectual em-
phasis not in keeping with the pictorial context. All of the
regular solids are “included” in the cosmos as they might be
included in a box of mathematical models. The sculptured re-
lief in the heavens is as much a “part” of the world as are the
molded figures of the atoms. Neither is, after all, explanatory of
the important organic aspects of cosmic structure.

The analysis by which volumes are reduced to elementary
plane triangles is dependent on the prior reduction of relations
and causality to external superficial contact. As a first step, the
solid approaches its component capable of such contacts, and
is reduced to a surface. Through bisection of the angles of plane
figures the surface can be progressively analyzed into triangles
until at last repetition of the division will only go on producing
smaller triangles of the same type. Such self-reproducing tri-
angles are the end-points of division; their properties remain
homogeneous, however often the division is repeated. The unit
of contact can be described as having certain geometric proper-
ties and ratios even if it is defined as infinitesimal, and hence
can never be actually constructed.*®

Since the shapes of these smallest triangles cannot be used as
the surfaces of the stable solid figures in their uncombined
form, one can explain the existence of stable solids (which the
objects in our experience attest to be a fact) only by reversing
the process of analysis through which these elements were de-
rived. The ultimate point of contact will not serve as the ulti-
mate element of physics; presumably, then, some simple aggre-
gate or complex of these smallest elements does so.

This casts some light, perhaps, on a puzzling part of Plato’s
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procedure. For in the course of the demonstration that the ele-
mentary triangles can aggregate to form the bounding surfaces
of regular solids, the isosceles plane is reconstituted from six
(rather than two) of these smallest scalene elements.* One can
see from a diagram that this synthesis exactly reverses the
antecedent analytic construction; the lines of junction in this
figure are the lines of division resulting from analysis.

From this point on, there are really two tables of elements
of which chemical and physical theory must take account. On
the one hand, there are the elementary plane surfaces bound-
ing the regular solids; on the other, there are the infinitesimal
plane triangles of contact, the existence of which represents the
least postulate needed to give an intelligible account of flux.
Though the former of these elements are most closely connected
with observed differences in phenomena, the latter are prior in
theory. The dodecahedron is relegated to a decorative design
in the heavens just because there is no simple way to show its
bounding planes as aggregates of the primary elements.

The significant point, which these detailed observations are
intended to show more specifically, is that in this passage the
method of Plato’s geometry mirrors the method of the contex-
tual dialectic, and just as the emphasis of the dialectic on anal-
ysis into elements is “uncustomary,” 42 so is that of the geometry.

Figure 94

' V3
I IT

THE ATOMIC TRIANGLES
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Figure 95
B

SYNTHESIS OF THE EQUILATERAL
MOLECULAR TRIANGLES

Pairs of elementary scalene triangles are here synthesized by
joining them “diagonally,” with the diagonal repeated three times.

The question raised by this construction is why triangles 5 and 6,
for example, are not simply joined along BF, BD to form a molec-
ular isosceles triangle.

Figure 96

SYNTHESIS OF THE SQUARE
MOLECULAR PLANES
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Figure 97

'

A A E \

DECOMPOSITION OF POLYGONS INTO TRIANGLES (Euclid vi. 20; see

1. L. Heiberg, ed., Euclidis Elementa, 11 [Leipzig, 1884], figure

p- 133, text of Corollary, p. 138, and compare Todhunter’s
figure in Euclid’s Elements, p. 200.)

In the figure, the two polygons are similar; each triangular sub-
division of the larger has two similar sides and the same angle as |
the corresponding subdivision of the smaller. The theorem is that |
“similar polygons have to one another double the ratios of their |
corresponding sides”; since this has already been proven for similar |
triangles, the construction showing that similar polygons can be
treated as sets of such triangles proves the more general theorem.
Euclid adds, as a corollary: “The same theorem can be demon-
strated for similar quadrilaterals, that their ratio is twice that of |
their similar sides. And this has been demonstrated for triangles:
and so it holds universally that similar rectilinear figures are to one
another in double the ratio of their corresponding sides.” This,
suggests that Euclid thought of the division of his fivesided figure
as giving a quadrilateral plus a triangle; so that, for a figure of any
number of sides, the same type of construction will show it equal,
to a sum of a quadrilateral and added triangles. Further sub-
division of triangles is not needed in this proof, and is not carried,
out. Since Euclid vi. is Pythagorean, it must be some construction,
like this one that Plato has in mind when he says that “all plane
figures can be analyzed into triangles.” ‘

\
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Figure 98 L
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HOMOEOMEREITY OF THE
FIRST ATOMIC TRIANGLE
(Cornford, Plato’s Cosmol-

ogy, p. 233)
“The half-square ABC is divisible into two smaller half-squares,
ABO, BOC; and Plato does in fact so divide it when he constructs
the whole square face, 4BCD, of the cube.” (See next figure.)
Figure 99
A
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/,
/ 0
/
/
A
B C

HOMOEOMEREITY OF THE

SECOND ATOMIC TRIANGLE

(Cornford, Plato’s Cosmol-
ogy, p. 234, and note)
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“In the same way, the half-equilateral, 4BC, can be subdivided
into smaller half-equilaterals by bisecting the angle at C and
dropping the perpendicular OD. It is actually so subdivided into
three elementary scalenes in Plato’s figure [Figure 95]; and the sub-

division can be carried on ad infinitum. . . .
“Since the triangles, not the solids, are Plato’s ‘elements,” this

meets Aristotle’s objection that not every part of a pyramid or cube
is a pyramid or cube. ‘Homoeomereity” was first clearly defined by
Anaxagoras, but Empedocles had no doubt already assumed that

every part of fire was fire.”

Figure 100
TRANSMUTATION RATIOS OF THE ELEMENTARY SOLIDS
EARTH * WATER AIR FIRE
EARTH 1:1 —_— —_— —
WATER — 1:1 1:214 1:5
AIR — 214:1 1:1 1:2
FIRE _— 5:1 2:1 1:1

* Earth does not transmute.

It would be most natural for a physicist or even for a practitioner
of purely theoretical solid geometry to derive these ratios from
considerations of relative volume and planes of fracture, or topo-
logical deformation. But these ratios cannot be explained by such
a derivation. As the correspondence of this figure with the next
shows, these transmutation ratios are computed on the basis of
disintegration and recombination of the elemental, triangular plane

boundaries of the solid corpuscules.

Figure 101

RATIOS OF THE NUMBERS OF BOUNDING PLANES OF THE
ELEMENTARY SOLIDS

EARTH EARTHT(6) WATER(20) AR (8) FIRE (4)
WATER _— 20:20 20:8 20:4
AIR — 8:20 8:8 8:4
FIRE —_ 4:20 4:8 4:4

1 Ratios of earth are not given, since its atomic bounding planes differ from
those of the other elements.



CHAPTER V

Mathematical Jokes: the Lumits of
Mathematical Metaphor

Republic vii. 434D *

“But surely,” said I, “if you should ever nurture in fact your
children whom you are now nurturing and educating in word,
you would not suffer them, I presume, to hold rule in the state,
and determine the greatest matters, being themselves as irrational
as the lines so called in geometry.”

Republic ix. 580D +

“Very good,” said I; “this, then, would be one of our proofs, but
examine this second one and see if there is anything in it.”
“What is it?” “Since,” said I, “corresponding to the three types
in the city, the soul also is tripartite, . . . [the calculative part can
provide 1], I think, another demonstration also.”

Symposium, 190B §

ARISTOPHANES: Now the sexes were three, and such as I have
described them; because the sun, moon, and earth are three; and
the man was originally the child of the sun, the woman of the
earth, and the man-woman of the moon, which is made up of
sun and earth.

Statesman 266 ||

STRANGER: Every tame and herding animal has now been
split up, with the exception of two species, for I hardly think

* Trans. Shorey, Republic, 11, 209.

1 Trans. Shorey, ibid., p. 371.

1 The text of this passage, including the version translated in brackets, is given
in note 8 to this chapter.

§ Trans. Jowett, Dialogues, 1, 316.

|| Trans. Jowett, Dialogues, IV, 203,

249
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that dogs should be reckoned among gregarious animals.
YOUNG SOCRATES: Certainly not; but how shall we divide

the two remaining species?
STR.: There is a measure of difference which may be appro-

priately employed by you and Theaetetus, who are students of

geometry.
Y. SOC.: What is that?
STR.: The diameter; and again, the diameter of a diameter.

Y. SOC.: What do you mean?
STR.: How does a man walk, but as a diameter whose power
is two feet? [4C, Fig. 102]

Y. SOC.: Just so.
STR.: And the power of the remaining kind, being the power

of twice two feet, may be said to be the diameter of our diameter.

[CF, Fig. 102]
Y. SOC.: Certainly, and now I think that I pretty nearly un-

derstand you.
STR.: In these divisions, Socrates, I descry what would make
another famous jest.

Y. SOC.: What is it?
STR.: Human beings have come out in the same class with the

freest and airiest of creation, and have been running a race with

them. |

Though a concluding discussion of mathematical jokes may |
seem on first view a capricious digression from a discussion of
mathematical imagery, it is in fact the only dialectically appro-
priate conclusion for such a study. The mathematical joke typi- “
cally involves correction of an overpretentiousness in the use of |
the mathematical metaphor and imagery, of the expectation of\‘
more from the image than it should be expected to give. Plato’s“
mathematical humor serves as a corrective to various types of|
misinterpretation that result if his images are taken too seri-|
ously. In the dialogues themselves they occur in locations where!
such safeguard is needed against overenthusiasm in the pursuit“
of mathematical metaphor; and to treat them as the conclusion“
of a serious study of the use of mathematical imagery is there-
fore one way of displaying the limits of such imagery, and of“

bringing out the absurdity of overstepping those limits in inter-‘\
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pretation. In each case, the point of the humor is to be found
in the practice of treating a metaphor overliterally; this takes
the various forms of using geometrical differentiae in biology,
where they are inappropriate, of using a geometrical vocabulary
in politics, where it does not belong, and of postulating a causal
connection on the basis of an arithmetical resemblance which
is far from justifying such a postulate. The humor of these pas-
sages is lost on the modern reader because he does not recognize
the contemporary counterparts of the literal-minded Pythag-
orean lecturer on ethics of Plato’s time against whom the shafts
of wit are directed. (In a twentieth-century transposition they
would be aimed at the pedantic statistician.)

Nothing has been so diversely or implausibly interpreted by
scholars as Plato’s sense of humor. A legend of a “freakish” sense
of humor that expresses itself in deliberate unintelligibility is a
godsend to readers lacking the patience or insight to interpret
difficult dialogues and passages constructively. The entire Par-
menides and the mathematical images of the Republic and the
Menexenus have all been called specimens of Platonic jest; and
the Republic as a whole has been set aside as a piece of satire.
The present study has already tried to show that such hilarity
is not the intended tone of the Republic imagery.

In the dialogues Plato actually displays a very normal and
well-developed sense of humor. The best way of beginning a
discussion of the alleged grand jokes, such as those in the
Parmenides, would have been in connection with the various
passages in the dialogues which show this humor at work. There
is nowhere in them any evidence of a humor which takes its
point from some sudden obscurity, jargon, or unintelligibility,
as jokes often do in, say, Aristophanes and Lucian. The humor
is usually ironic, and aptly illustrative of Bergson’s observation
that a joke “calls attention to the physical when it is the spiritual
[or intellectual] that should be in question.” The hiccough of
Aristophanes in the Symposium and his entire subsequent
speech are excellent illustrations of this principle at work. So is
Socrates’ indictment of the Athenian statesmen, that “they have
filled the city so full of harbors and public buildings that they
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have left no room for temperance and justice.” * Another hu-
morous device, the failure of a professional man to adapt nor-
mally, because in a novel situation he absent-mindedly, or
overliterally, applies the categories of his profession where they
do not belong, is evident in Plato’s portrait of the vain and
pompous blunders of Prodicus as he ineptly tells Socrates the
etymologies of words instead of their meanings.?

It seems quite reasonable to believe that only a strangely
incoherent mind could display such a normal sense of humor
in the use of these devices and then deviate to a different prin-
ciple of humor that is applied with what seems to the modern
reader (who has been told that the Parmenides is a great joke)
abnormal, tedious, and monstrous exaggeration.

Plato’s intended pleasantries involving the vocabulary of
mathematics are abnormal for the modern reader in still an-
other way; they seem insipid, dull, and not funny. It is there-
fore hard to see how an author capable of a brilliant parody of
Aristophanes could have amused himself by flat punning. The
interpretation of Plato’s use of mathematical metaphor, how-
ever, casts some new light on the principle of this mathematical
humor. The thesis will be defended that in Plato’s own time
there were professional men who, given a mathematical term
in a discussion, insisted on transferring the conversation to
mathematical subjects. Some of Plato’s own passages, in praise
of geometry, for example, might be misinterpreted as advocacy
of a second-rate Pythagorean pedagogy in which mathematical
pedantries were substituted for dialectical inquiry. By an aside
showing that he himself would recognize such a literal assimila-
tion of dialectic to mathematics as humorous, as the sort of
humor we recognize in the absent-minded and constant recur-
rence to his own preoccupation of the enthusiastic specialist,
Plato detaches himself from any misinterpretation in this direc-
tion. Such asides function as safeguards to perspective; mathe-
matical analogies do not always apply, and beyond a certain
point must not be taken literally. The humor of such asides
lies in their being exactly the remarks that an absent-minded
professional man (in this case, a Pythagorean-trained, not overly



MATHEMATICAL JOKES: THE LIMITS OF MATHEMATICAL METAPHOR 253

intelligent, lecturer on ethics) might advance in the discussion
as his serious, though inept, contribution. Our own Pythagoreans
are statisticians, not geometers; the change of vocabulary that
this entails prevents us from seeing, in Plato’s illicit identifica-
tion of the mathematical and nonmathematical senses of a term
in one of his asides, any commentary on the statements of the
misplaced professionalism of a group of experts in our own
culture. (Perhaps the final conclusion of an educational statis-
tical study that I have seen, “between men and women there is
a significant difference,” is a close approximation to the inad-
vertent punning of the not-very-bright Pythagorean in Plato’s
time.)

Four such passages in Plato will be discussed: the use of a
geometrical pun in Republic vii to describe young men un-
trained in mathematics, the use of another such pun in Repub-
lic ix to differentiate logic from logistic, the explanation given
by Aristophanes in the Symposium of the number of sexes, and
the geometrical differentiation in the Statesman of bipeds and
quadrupeds.

The “normal” use of mathematical metaphor, in the Platonic
and Pythagorean traditions, depends on the conviction that
physical, moral, and mathematical objects have many of the
same properties. The etymologies of the mathematician’s vocab-
ulary, deriving technical terms from biology, ethics, and tech-
nology, record such recognized similarities between quantities
and objects of other types. This conviction underlies Plato’s
deliberately ambiguous use of mathematical terms in such a
way that their literal, technical meaning refers to a theorem or
construction, and their broader, metaphorical sense specifies
the intended interpretation of that construction.? There is an-
other side, however, to this use of a common name as the sign
of an observed common nature. In some cases a discrepancy of
nature holds between quantities and other entities designated
by a single term. This happens whenever the similarity that
the common name reflects is fortuitous and nonessential, but
the discrepancy between the classes named is not. One safeguard
against the Sophistical assumption that in finding a common
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name one has discovered a common nature is the right use
of humor as a corrective of conceit.* An overliteral faith in
verbal technical devices is corrected by displaying a case in
which the result of such literal-mindedness is a patent ab-
surdity.

As with other sorts of Platonic imagery, the interpreter who
finds considerable abstract aptness in the choice and location of
mathematical wit in the text should not commit himself as to
the extent to which these reflect the author’s clear-cut and
conscious plan. The author presumably has a feeling that this
aside fits well here; the interpreter can recover only objective,
abstract, intellectual relationships that are relevant, but not
quite equivalent, to this intuitive feeling of aptness. Since an
interpretation can restate felt imaginative affinities only as
abstract intellectual connections, the reader who expects an in-
tuitive and direct presentation from the interpreter is always
disappointed and incredulous; such an abstract analysis is not
what we ourselves experience when we are writing creatively,
nor is it plausible to suppose that in this respect Plato differs
much from ourselves. In the case of humor, this difference be-
tween intuitive appreciation and analytical interpretation is
peculiarly apparent.

The boys who grow up “as irrational as the lines so called in
geometry,” in Republic vii, have close affinity to the antecedent
discussion of the mathematical curriculum.? The pun on the
irrationality of a man and a line invites an illicit identification
of education with geometrical construction. The context of the
geometrical line is purely quantitative; its construction as oper-
ation is external and mechanical. But the reasoning capacity
of the human mind cannot be elicited by the analogous external
application of courses in geometry. The pun points out that
education cannot be conceived as a kind of engineering, nor
geometry as magic; it does this by projecting the absent-minded
professionalism of the pedantic geometer to the point at which
we find him describing human nature and training with the
concepts and operations of geometry.® By this aside, Socrates
dissociates his own intention in the proposed mathematical
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curriculum from that of a misinterpreter who might think its
purpose were to show all life, not under the aspect of reason,
but as composed of the elements and operations of geometry.
(In Book vii, Socrates himself uses a similar analogy of reason
to the rational line, not to suggest a literal identification 7 but to
bring out a relevant resemblance between them.)

In Republic ix, there is a humorous effect in Glaucon’s be-
wilderment by Socrates’ lightning calculation which helps pro-
vide a clue to the intention of the earlier mild pun on logic
and logistic.® The relevant aspect of Socrates’ “marvellous com-
putation” is the summarizing diagram he envisions, which re-
tains a clear relevance to his intended interpretation but which
seems to lose any such evident relevance when it is replaced by
a single arithmetical number representing the product of its
dimensions.? The humor here gains in point if we recognize
that the number, rather than the illuminating diagram from
which it was computed, would have been fastened on and pre-
sented as a literal solution of the problem by the hypothetical
Pythagorean-trained lecturer on ethics of Plato’s time—just as
our modern, statistically trained moralist might insist, in all
seriousness, that the typical American family had 124 children.

This gives a clue to the humor Plato presumably saw in the
earlier mild pleasantry in the same book, cited here. Socrates
has remarked, that “since there are three parts of the soul, [the
calculative] can show, by another demonstration . ..” that the
tyrant’s life is not a happy one. The humor arises from the
suggested dependence of rational demonstration on the appar-
ently fortuitous presence of the definite number, three, in the
subject matter. Here, in anticipation, Socrates is dissociating
himself from any assumption that the logical faculty is identical
with the logistical.!® In any use of mathematical imagery, there
is always latent the danger of this confusion. Confronted with
a complex situation, of which we have grasped several externally
related parts, reason, through human inertia, is tempted to
operate with those parts abstractly, to indulge in computation
with these externally related units, rather than to try the more
difficult task of seeing the integration of these parts in some
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larger, more intelligible whole. The logistical approach loses
sight of the continuity and interdependence of the “parts,”
which it treats as the ‘‘units” of its computation.

Plato’s aside underscores an ambiguity in the faculties and
techniques of “calculation.” The humor lies in the implied
identity of counting and reasoning, of enumerating and under-
standing. The similarity of names leads to a silly result if we
take it as showing an identity of things.

There is also latent in this pun an element of irony: experi-
ence does not respect the preferences of the logician by keeping
itself free from confusion. The neatness and ease of manipula-
tion of the abstract schematism does not correspond to an equal
neatness and ease of control of immediate, experienced fact. If
it did so, thinking and calculating might come much closer to
being really, not just nominally, the same.

There are several reasons for restoring 10 Aoyiotxdv to the
text. Apelt’s arguments (see Platons Staat, p. 525) on philological
grounds seem sound. Further, it is hard to see how the phrase
could have come in as a corruption. (One can understand the
corrupted version found in one manuscript, which lists all three
of the parts of the soul at this point.) There is also a dialectical
reason, already given, that seems equally cogent. This aside, or
one like it, is needed to anticipate and protect against a misin-
terpretation of Socrates’ later calculations (a type of misinter-
pretation into which the editors who have bracketed this aside
have almost uniformly fallen). Further, this remark helps to
make intelligible the cause of Glaucon’s later bewilderment.

Aristophanes’ clownish theory that the sexes are three be-
cause the sun, moon, and earth are three depends for its humor
on the familiar Aristophanic comic device of non sequitur. The
passage is important as an instance of mathematical humor both
because the error it represents is basically mathematical, and
because the sort of mathematical reasoning that Plato finds so
Aristophanic tends to be attributed to Plato himself by his later
expounders and admirers.!* The notion that sets have the same
cardinal numbers because of some affinity in essential nature
becomes a principle of the microcosm-macrocosm analogy un-
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derlying alchemy, astrology, homoeopathic medicine, numerol-
ogy, and their allied branches of speculation. In all of these
studies, passages of Plato, particularly the mathematical ones,
are cited as authority. For Plato, however, though similar things
may have similar arithmetical properties, enumeration is no
guide to demonstrating essential similarity. Even the substitu-
tion of a number for a geometric diagram is accompanied by a
caution to the reader, since the important aspect of the diagram
does not carry over to its number.

The joke about the difference between a biped and a quad-
ruped in Statesman 266A (that the former equals the diagonal
of a diagonal of the latter) is really a joke. Its humor lies in the
unnecessary injection of higher mathematics into a biological
discussion to accomplish a simple differentiation of species.
This is completely compatible with Plato’s view, expressed else-
where, that mathematical imagery tends to give such clear-cut
schematic pictures of a confused reality that there is something
ironic in the juxtaposition. It is also an excellent illustration
of what I have called the principle of aesthetic economy in
Plato’s construction of mathematical imagery: the ingredients
of this joke are derived from the example of definition provided
by Young Socrates and Theaetetus in the first dialogue of this
trilogy.12 The phrasing hinges on just such a geometrical repre-
sentation of numbers as Theaetetus described, with the incom-
mensurable given its full prominence. The intrusion of this
example gives some clue to Glaucon’s conviction, in Republic
vii, that “only a few of the mathematicians he has known are
good reasoners,” 1 and constitutes an oblique criticism by the
Stranger of the poor showing made earlier by Theaetetus in his
conversation with Socrates.

It is interesting to note here the similarity of the diagram
illustrating the present passage (see Fig. 102) to the one used
in the discussion with the slave boy in the Meno.* This simi-
larity seems to confirm the assertion that in his choice of the-
orems, Socrates was trying to find a problem which, to the
dilettante Meno, would have the appearance of higher mathe-
matics.
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Figure 102
o]
B
A D E
F
“‘DIAGONALS AND THEIR DIAGONALS”
(Statesman)

ABCD is a unit square; its diagonal, 4C — the square root of two
The square on this diagonal, ACEF, has a diagonal equal to the
square root of 24C2? — 2. CF is thus the diagonal of the (square of
the) diagonal AC. The next figure will show that in the present
context, as applied to the locomotion of animals, this interpretation
of the ““diagonal of a diagonal” makes sense.

Aristotle’s whole analysis of locomotion (De incessu animalium)
applies what, from Plato’s allusion here, must have been a tech-
nique devised in the Academy. The relation of the legs and the
ground is treated geometrically, in analogy to properties of right
and isosceles triangles. In Figure 103 the relative lengths of bases of
two such triangles are shown, one representing a one-step advance
by a biped of the right foot from R, to R; (where the diagonal
resulting from the advance of the right foot lengthens the base to
the diagonal of a unit square), the other a one-step advance by a
quadruped, where the diagonal advance of the right fore and left
hind feet (right fore from RF; to RF,, left hind from LH, to LH,)
lengthens the base to the diagonal of two squares with sides equal
to square root of two (= line 4C). This figure and the Platonic
passage should be compared with Aristotle’s analysis.
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APPENDIX A

Effect of Context on Three Platonic Images of Cycle

IT Has been suggested that the significance of the peculiar en-
gineering of Poseidon in planning Atlantis is deliberately intro-
duced as a parody of the other images of concentric systems,
one of which is prominent in each of the two preceding dia-
logues of the Republic-Timaeus-Critias trilogy. A comparison
of these three sets of circles seems to show that the construction
of Poseidon lacks the perfection proper either to an ensouled
cosmos bound by bonds of friendship and proportion, or to a
world-machine in which bonds of adamant alloy constrain the
parts in such a way that by their balance cosmic morality and
justice are preserved. The sole perfection of Poseidon’s con-
struction is its mechanical regularity; being a god, he describes
his circular canals with ease.! It is also appropriate that a system
of canals, rather than of celestial motions, be the product of the
deity who is the patron god of the sea.

If this contrast were deliberate, we should expect some viola-
tion, in this circular system, both of the perfection of propor-
tion evident in the world-soul, and the perfection of equilib-
rium shown in the world-machine. We should expect also a
deliberate avoidance of the ratios elsewhere described as “con-
cordant,” which are used to describe the structure of planned,
organic, internal relations.

In fact, the dimensions of the canals flatly violate both prin-
ciples, and avoid any aspect of proportion. Their progressive
sizes are ordinal, and although each pair of circles of land and
water is equal, they form no systematic balance in combination.

260
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Figure 104
LACK OF BALANCE IN POSEIDON’S ENGINEERING

WATER LAND WATER LAND WATER CENTRAL ISLAND
3 3 2 2 1 5
5 5 6(5+1)

These numbers show no such symmetrical balance as those of the
astronomical model; for example, the ratio of circles of land to
those of water is 5:6; total land to water is 10:6; island to circles
is 5:11.

The dominant ratio of the system is 6:5, whether we compare
the outer circles to the central island, or the circles of land and
water with one another.

The accentuation of fives and sixes throughout the arith-
metical details of the context directs attention to these more
outstanding aspects of imbalance, away from the fact that a
purely ordinal, logistical technique has actually introduced an
adumbrated harmonic proportion among the paired sets of
circles. The pairing of circles is significant only to the balanced
mechanical structure, where each paired set is equal to the
others; and the proportions are significant in giving the struc-
ture of the system with each circle treated separately. However,
the system of circles here, treated in the way which brings out
harmony elsewhere, yields the series 5,1,1,2,2,3,3; while equat-
ing the pairs, which gives an effect of balance elsewhere, cannot
be carried out (because of the central island of radius 5), and,
so far as it can be constructed, gives the sets 2,4,6, as mentioned
above.?

A program of engineering based on power without enough
insight into the combination of harmony and cycle which is
the basic metaphor of social construction elsewhere in the text,
results in precisely the lack of rationale and efficiency which the
institutions of Atlantis on a large scale exemplify.?
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The remarkable property of Platonic mathematical imagery
in its tight integration with dialectical context completely defies
either purely mathematical or symbolist interpretation. The
relevant properties of a mathematical illustration cannot be
determined simply by an examination of the purely mathemati-
cal properties of the image, for the relevance of these properties
to the function of the illustration as a whole is differential and
variable. Nor can an interpretation by a dictionary of symbol-
ism in which each figure is correlated with a single associated
concept ever do justice to the variability of Plato’s actual choice
and use of these figures.

Figure 105

PROPERTIES OF THE IMAGE OF CONCENTRIC CIRCLES IN
THREE TYPES OF CONTEXT

PROPERTY REPUBLIC TIMAEUS CRITIAS
Creator Ananke God Poseidon
Structure Balance Proportion None
(evidence of

rationale)

Material Adamant World-soul Earth & water
Source of Religious Calculation &  Recorded history
account vision science
Purpose Education Creation Self-defense
Context Myth, in pure Empirical Historical legend
dialectic science

A convincing proof of this point is the use made of the same
basic geometric figure—that of the set of concentric circles—in
each dialogue of the Republic-Timaeus-Critias trilogy. In each
case, we can say that the image symbolizes the efficacy of some
cause, introducing a spatial or temporal order. The type of
order introduced and the nature of the cause are not, however,
specified by the symbolism or the geometry of concentric circu-
larity. Neither is there any single varying mathematical prop-
erty which accounts for variations in the significance of these
images. In one case, ordinal sums and products of the widths of
the individual circles are the mathematical property central to
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interpretation; in another, the ratios are the crucial property;
in a third case, merely the size of the sum of widths is centrally
relevant. As in the description in the Statesman of the role of
descriptive measure in the arts, so in the art of interpreting
Plato’s dialogues recognition of a total function must provide
the norm in terms of which we select those quantitative proper-
ties which are functionally relevant as the ones to be descrip-
tively presented and measured.




APPENDIX B

Symbolism: the Significance of the Specific Figures

Chosen as Illustrations from Pure Mathematics

THoucH 1T has been suggested that in illustrating a method,
any literal theorem from pure mathematics which involves an
analogous process of reasoning will serve the desired function,
so that the peculiar interdependence of imagery and context
conspicuous in other cases is at a minimum, there is a tendency
for certain figures to reappear as the content of such pure illus-

Figure 106
LATER DIAGRAMS OF CLASS-INCLUSION: EULER, LEIBNIZ
Euler
T
\" T
“ALL VIRTUE IS TEACHABLE" “NO VIRTUE 18 TEACHABLE”
Leibniz
@
“TEACHABLE VIRTUE (EXISTS)”  “NOT-(TEACHABLE VIRTUE EXISTS)”
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In the usual current schematizing of class-relations, we follow
Euler in representing all classes by the same plane figure, the circle,
then schematize class-relations by the inscription or non-inscription
of circles in each other.

Leibniz, however, whose appreciation of the value of schemata
for logic led him to propose a philosophic language in which the
propositions could be analyzed from the schematic relations of
constituent primary ideographic symbols, did not introduce Euler’s
restriction to similar plane figures. For example, in his “Lettre sur
la charactéristique” (Couturat, Opuscules et fragments inédits de
Leibniz, Paris, 1903, pp. 29 ff.), Leibniz denotes moral qualities by
distinctive geometric figures, their inclusion or coexistence by in-
scription or superimposition. His sign for God in this language is
a triangle inscribed in a square, inscribed in a circle.

Thus the Platonic inscription figure has recurred independently
in the history of logic as a diagram signifying either class-relations
or coexistence of attributes in a single individual or class, and the
suggestion that this may explain Plato’s selection of it here cannot
be dismissed as a merely fanciful positing of a resemblance which
no one else would recognize.

tration. This suggests that the choice of these figures for repeti-
tion was not purely coincidental.!

Some comment has already been made on the aptness with
which a diagram of inscription gives intuitive illustration to
a more general methodological problem of class-inclusion. In
fact, as was noted, this aptness is so great that analogous prob-
lems of class-relation are studied at the present time with the
aid of imagery of inscription.

One may therefore speculate on whether some equal intui-
tive aptness does not underlie the fact that a diagram based on
the square of a diagonal appears several times independently in
Plato’s text, and is referred to several times more. In the Meno,
this figure is used to demonstrate that knowledge is innate and
can be elicited by questioning even from a young boy with no
mathematical education, even when the knowledge in question
lies on the advanced frontier of contemporary science. In the
Theaetetus, this diagram underlies the construction by which
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Figure 107

SYMBOLISM: FIGURES INVOLVING INCOMMENSURABILITY
IN PLATO'S MATHEMATICAL IMAGERY

—_—
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A. Meno {]) B. Meno (2} C. Theaetetus
e |
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D. Critias E. Laws F. Republic (1)
G. Republic (2} H. Timaeus (1) I. Timaeus (2)
J. Timaeus (3) K. Republic (3) L. Statesman

M. Republic (4}
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Figure 107 is an attempt to bring together the various references
to the side and diagonal and to the incommensurable, to show their
frequency, and also to show in certain cases (for instance 4, B, and
L) their similarity of geometric form.

The reader will recognize 4 as the final construction in Socrates’
discussion with the slave boy in the Meno (Fig. 9, Chap. I, Sec. 2).
B is one of the figures suggested to illustrate the example of the
method of hypothesis from the Meno (Fig. 14, Chap. 1, Sec. 3).
C is the diagram from Euclid x.9, the theorem of Theaetetus
(Fig. 17, Chap. I, Sec. 4). D once more represents the Atlantean
canal net; in this context, one notices that the communication
canals superimposed on the irrigation grid produce regions embody-
ing all sorts of incommensurability in the relations of their bound-
ary canals (Fig. 19, Chap. II, Sec. 1). E is a pictogram to illustrate
the study of measure and incommensurability in the educational
program of the Laws (Chap. II, Sec. 2). In F, the square and its
diagonal are the examples given of the kinds of objects mathe-
maticians study in Republic vi. G is the Pythagorean genetic symbol
basic to the Nuptial Number in Republic viii; it will be recalled
that Plato’s construction of this involved the squaring of an irra-
tional (Fig. 53, Chap. III, Sec. 6). H illustrates the description of
the motion of the other in the Timaeus as “along the diagonal”
(that is, the diagonal of the rectangle formed by extensions of the
tropics and vertical tangents to the equator). I is the atomic triangle
from the Timaeus element theory, the longer side of which equals
square root of three (Fig. 94, I, Chap. IV, Sec. 3). J represents the
synthesis of molecular triangles in progress, with two of the atomic
triangles joined “diagonally,” that is, along their hypotenuses
(Fig. 95, Chap. IV, Sec. 3). K represents the allusion in Republic vii
to young men who grow up incommensurate with their responsi-
bilities, the allusion to side and diagonal balancing that of Re-
public vi (see Chap. V). L represents the joke in the Statesman
about the locomotion of bipeds and quadrupeds (Fig. 102, Chap. V).
M shows the construction of the Divided Line by section in mean
and extreme ratio, as in Euclid ii. 11, showing stages of the con-
struction.

The final diagram is Figure 43, in Chapter III, Section 4 of this
study; the construction is shown in Figure 108, of this Appendix.
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roots and lengths have been defined and classified, in the man-
ner in which Theaetetus wants to divide and classify opinion
and knowledge. In the Statesman, the diagram is made the basis
of a joke, the point of which is an illicit substitution of a mathe-
matical for a biological differentia. In its context this probably
has some critical reference to the way in which Theaetetus and
Young Socrates have responded in the previous conversations
recorded in the Sophist and Theaetetus.

In each of these passages, the context involves a discussion of
the relation of two kinds of knowledge. The Meno passage
brings out the difference between recollection and experience
as sources, of insight; the Theaetetus throughout proposes
equivalences of opinion and knowledge which crucial cases,
usually of mathematical knowledge, show to be indefensible;
the Statesman joke involves substituting an easily understood
mathematical property for the more relevant property based
on right observation.

The consensus of these contextual passages is that knowledge
and opinion are, in some puzzling sense, mutually “incommen-
surable.” A mere addition of experiences is so far from an ade-
quate account of knowledge that the hypothesis of a previous
existence in which learning took place seems more plausible.
On the other hand, the assumption that biology, an empirical
science, is to be best formulated in the theorems and concepts
of pure geometry (an assumption which some of the Pythag-
orean contemporaries of Plato no doubt seriously made) is so
ridiculous as to be a “joke.”

The suggestion of the diagram is that an alternative unit or
technique of measure would permit an exact description of this
baffling relationship, which would resolve or circumvent the
impasse analogous to that of trying to find a linear unit of
measure which would resolve the apparent incommensurability
of the diagonal and side of a square. The later stress on the
study of two- and three-dimensional problems in incommen-
surables is directed toward the better citizenship of men who
can see the interconnection and relevance of social institutions
and personal choices, as an uneducated man could not. True,
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the immediate applications of this education are to be to tech-
niques of social implementation (in commerce, public works,
etc.); but their importance is based on the assumption that their
influence will be far more pervasive than this limitation would
imply.

An alternative image expressing the relation of knowledge
and opinion is the “divided line” in the Republic, in which the
various segments (if established by a series of sections in ex-
treme and mean ratio)? are proportionate to one another,
though linearly incommensurable. Here the impasse reflected
by the alternative image of incommensurable diagonal and side
appears to have reached some contextual resolution, compara-
ble to the construction by which the incompatible lines of the
other figures are discovered to be commensurably and propor-
tionately related in square.

I suggest that it is the presence or the absence of an agree-
ment about the theory of ideas which differentiates the contexts
in which the relation of disparate levels of knowledge is pre-
sented as a simple proportion, and those in which it is presented
as a geometrical impasse. In the absence of this theory, which
provides the organizing insight of the image in the Republic,
Socrates can explain knowledge to Meno only by the postulate
of recollection; Theaetetus can in no way explain knowledge
to Socrates by following the method previously used in defining
roots and magnitudes; and the Stranger in the Statesman sug-
gests that one could not find any principle for discriminating
relevant and irrelevant subdivisions of a class.

If the objects of experience and opinion receive their char-
acter by participation in the forms, which are the proper objects
of knowledge, this discrepancy in nature may be recognized
without destroying the possibility of our making valid state-
ments about the mutual relevance and connection of the two
types of objects. This appears to be the dialectical equivalent
of the geometrical construction showing that lines linearly in-
commensurable may be compared and have their exact relation-
ship defined when they are combined as side and diagonal of
a square.

B
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270 Plato’s Mathematical Imagination

These considerations suggest that Plato’s repeated choice of
this specific figure may have been guided by a felt appropriate-
ness of its intuitive structure to symbolize the dialectical im-
passe and its resolution attendant on the demonstration of the
“incommensurability” of knowledge and opinion.

What at first sight appears to run counter to this thesis is
that the imagery of diagonal and side actually appears in Book
vi and Book vii of the Republic, where the rule just suggested
would seem to exclude it. As if by open and close brackets, the
divided line is prefaced by an explanation that geometers study
“the side and diagonal as such,” and is followed by the joke
about boys and irrational lines (of which side and diagonal of
a unit square are the standard symbolic illustration). But, on
closer study, it will be noted that the geometer is not acquiring
knowledge in its highest form (in fact, Glaucon remarks later

Figure 108
8 C
K
6 H
Jt
F A E D

CONSTRUCTION OF THE DIVIDED LINE BY DIVISIONS IN MEAN
AND EXTREME RATIO

{Method of Euclid II 11)

4B is the given line. The square ABCD is constructed, and 4D
is bisected at E by a line drawn from B. AD is extended, and EF
is marked off equal to EB. The square AFGH is completed, with
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H located on AB so that AB: AH :: AH : HB. A], equal to HB,
is laid off on AB; and HK, equal to JH, on HB. In this way 4H and
HB are divided in the same ratio as AB.

Here the incommensurables, instead of presenting a problem,
have been added to produce a rational result; with the theory of
ideas in the background, the dissimilarity of knowledge and opinion
(symbolized as an incommensurability) is presented in a context
which recognizes the possibility of presenting their exact relation
in an analogical statement. 'The problem arises when the attempt
is made to find some element or unit which can serve as the least
common measure.

that their studies have not generally made the mathematicians
he has known better philosophers), and that the risk of having
boys grow up “incommensurate with their responsibilities” (as
Cornford translates the passage) is run only if we neglect their
philosophic education.

If we then modify the statement already made about the
theory of forms to include the case in which there is a tension
between the relation of mathematics and dialectic (their rela-
tion is, of course, exactly analogous to that of knowledge and
opinion), we can also explain this use of side and diagonal
imagery on either side of the diagram which sets up a propor-
tionate relation among the irrational lines that represent knowl-
edge of various kinds. Further, the idea of this symbol as mark-
ing a delimitation between an exact theory of knowledge and
contextual discussion of inquiry and instruction, processes in
which that theory may be misapplied, adds something to our
understanding of the Republic.
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16. The existence of the muitiplication table, as it must have been set
up with alphabetic number notation, would be no mean demonstration
of the possible extent, synthetic power, and pedagogical value of a matrix.
Inevitably, the difficulties of operating this notation would lead to an
interest in computational shortcuts; and in the Pythagorean pythmen and
the reported Platonic use of ten as modulus, there is evidence of an
examination of number theory along lines which would make such sim-
plification possible. The simplest aid to computation would of course be
a mechanical abacus, with some principle of positional pebble arrange-
ment. A vase painting shows such an abacus in use, and a ruled table
discovered by archaeologists has been thought to be an actual abacus
(though opinion is divided, some scholars explaining it as a game-board).
The allusions in Plato which compare computation to the game of
draughts seem to presuppose familiarity with some such computer's aid,
which would in fact resemble the arrangement of lines and counters, and
the regulated moves, of a 5 times 5 game-board. From the frequent asso-
ciation of priests and temples with banking and treasury functions, one
may plausibly infer that the abacus would be a device with which a
religious Greek was familiar. At any rate, the special tables of the money-
changers were a familiar feature of the market place. See 4pology 17C. 8,
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and Burnet's note, Plato’s “Euthyphro,” “Apology of Socrates,” and
“Crito,” ed. with notes by John Burnet (Oxford, 1924), p. 71. Sir Thomas
L. Heath, 4 History of Greek Mathematics, 2 vols. (Oxford, 1921), gives
citations (I, 46-52) which show that the use of the abacus in calculation
was common in Plato’s time. See Fig. 1.

17. The Dialogues of Plato, trans. B. Jowett (3rd ed.; London, 1892),
1, 298.

18. This is clear from the description of its eleven lines, each of which
is marked with the initial letter of a unit of currency.

19. Phaedrus 275.

20. Figure numbers and letters in parentheses refer to the scholia figures
given just after the text. These figures and references have been added to
Jowett’s translation; Jowett’s original figure is given in Fig. 13.

21. Meno 85D.

22. Professor Greene has written concerning this proposed emendation
of the final scholion figure “You are at liberty if you wish to quote me
as saying that the printed figure and letters [in Scholia Platonica] correctly
represent the tradition of the scholion in question, but that I concur with
your emendation. . . .” Mr. Daniel M. Dribin, of Arlington, Va., a student
of the history of mathematics, also concurs: “Your emendations of the
figure used by the Platonic scholiast are quite correct. . . . The figure
itself is Pythagorean, if Greek at all, and is typical of empirical proofs
of [Euclid] I. 47, which could easily be suggested by geometric designs in
tile decorations, panelling, etc. . . .” A further discussion of proofs of
Euclid I. 47 of this type is given in George J. Allman, Greek Geometry
from Thales to Euclid (Dublin and London, 1889), pp. 29-31. This ma-
terial is of particular interest in connection with Plato’s “combinatorial”
approach to stereometry in the theory of elements in the Timaeus, dis-
cussed in Chap. IV, Sec. 3, following.

23. A. Benecke, Ueber die geometrische Hypothesis in Platons “Menon”
(Elbing, 1867); ]J. Gow, A Short History of Greek Mathematics (Cam-
bridge, 1884), p. 175, notes 2 and 3.

24. Heath, History, I, 300.

25. Sir Thomas L. Heath, The Thirteen Books of Euclid’s Elements,
3 vols. (2nd ed.; Cambridge, 1926), 1II, 29-31.

26. In connection with this reference to figures already drawn, see in
the text of Fig. 14 the suggestion that Socrates may have drawnm a circle
earlier in the discussion.

27. C. Demme, Die Hypothesis in Platons “Menon” (Dresden, 1888);
A. E. Taylor: Plato: the Man and His Work, new ed. (New York, 1946),
p- 138, n. 3.

28. See I. Todhunter, The “Elements” of Euclid, Books i-vi and xi and
xii (London: Everyman’s Library, 1933), figure p. 108.
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29. See Appendix B.

30. Eva Sachs, De Theaeteto Atheniensi Mathematico, diss., Berlin,
1914; Heath, History, I, 209-12 (“Theaetetus”), 322-35 (“Eudoxus”).

31. Aristotle, Prior Analytics, 41a. 26-27; Heath, History, I, 91.

32. Heath, History, 1, 202-9 (“Theodorus™). The present discussion fol-
lows Heath’s presentation and evaluation of the three proposed recon-
structions of Theodorus’ demonstration.

83. This construction is discussed in most of the interpretations of
Republic 546A, cited below; it is very well described in F. Hultsch, “Die
Pythagoreischen Reihen der Seiten und Diagonalen von Quadraten und
ihre Umbildung zu einer Doppelreihe ganzer Zahlen,” Bibliotheca Mathe-
matica, 3rd ser., I (1900), 8-12.

34. Heath gives such a generalized form, History, I, 204-5.

35. H. G. Zeuthen, “Sur la constitution des livres arithmétiques des
Eléments d’Euclide et leur rapport 4 la question de l'irrationale,” Over-
sigt over d. kgl. Dansk videnskabens Selskabs Forhandlinger, 1915,
pp- 422 ff., as cited in Heath, History, I, 206-11.

36. Heath, Euclid, 111, 29-31; see Fig. 17.

CHAPTER It

1. Critias 112D.

2. Ibid.,, 119D. 8. As Mr. Rosenmeyer has pointed out (Classical
Philology XLIV [1949], 117), my translation of this as “every five and
every six years” (Classical Philology XLIII [1948], 40) is not so literal as
“every fifth and every sixth year.” But since the ordinal numbers are being
assigned to distances, not to points separated by them, I am convinced
that “every fifth year” here does mean “every five years.” Compare Plato’s
similar use of ordinals assigned to intervals discussed in Chap. III, sections
6 and 7, and Chap. 1V, Introductory Comments. The point is particularly
clear in III, 7, where a list from first to ninth is said to have its terminal
items separated by a distance of nine units. The difference between the
number of intervals and the number of points they separate is recognized
clearly in Republic 546A, and whenever there is a choice open in con-
structing mathematical images, Plato seems to assign ordinal numbers to
the intervals.

3. Critias, 113E.

4, Ibid., 116D.

5. Ibid., 113D.

6. Ibid., 116A.

7. Ibid., 115D-E.
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8. Republic 616C-617D: J. Cook Wilson, “Plato, Republic, 616E,”
Class. Rev., XVI (1902), 292-93; J. Adam’s notes in his edition of the
Republic (The Republic of Plato, 2 vols. [Cambridge, 1902]), in which
he rejects his earlier interpretation, presented in his note “On Plato,
Republic X 616E,” Class. Rev., XV 1901), 391-93. See Chap. III, Sec. 8¢,
and Appendix A.

9. Critias 113E.

10. Ibid., 118C. 5.

11. Ibid., 118A.

12. Ibid., 118D. These canals actually represent an arrangement too
haphazard to fall under the rule of 6’s and 5’s; Plato says that there were
transverse canals every 100 stades (a total of 31 canals, counting the outer
ditch), with connecting canals which had been cut between them. The
image of a geometrical maze is used here with the arithmetical metric
frame to reinforce the notion of confusion. See Fig. 19, following.

13. Ibid., 118C. 7-D. 2.

14, The use of “myriads” has a special function, discussed below; but
the length is stated in a way which does emphasize its determination by
the sides; hence its derivation in this context from the summation of
2’s and 3's, which elsewhere is presented by 5 as a symbol of the confusion
of odd and even.

15. Ibid., 118E-119B. See Fig. 22.

16. Critias 120D.

17. Ibid., 116D. 1: “otablov ptv ufixoc, edoog 82 ool mhédoors. . . .”

18. Ibid., 116E. 1.

19. Jay Hambidge, The Parthenon and other Greek Temples (New
Haven, 1924).

20. The discrepancy between exact accuracy in construction and ap-
parent exactitude presents an aesthetic problem which the Greek archi-
tects had resolved, but which Plato does not develop or explain; in fact,
he seems to avoid analogies to architecture.

21. Republic 546 f. See Chap. III, Sec. 6f (12 and 14).

22. Hambidge, The Parthenon, Appendix.

23. Laws 701D, 757A.

24, Ibid., 757.

25. Ibid., 719C.

26. Ibid., 817A, 746E.

27. See Fig. 24, following.

28. The sharpest distinction between logistic and arithmetic is made in
Gorgias 451B—-C. Arithmetic deals with odd and even numbers, and the
quantities of each (i.e., classifications and factors), whereas logistic deals
with the same numbers, but considered as sets, not as classes (as “having
plethos”). The type of problem considered “logistical” is clarified by the
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scholion to Charmides 165E (Greene, Scholia, p. 115; translation and com-
ment in Heath, History, I, 14-15).

29. See Fig. 23, following (factors of 5,040).

30. A mathematician today can verify Plato’s calculation easily by the
theorem that if pa-g¥ are the prime factors of a number, N, then the total
number of divisors of N is (a + 1)(b < 1). Since 5,040 equals 24:32:5:7,
the number of factors is 5-3-2:2, or 60.

31. A. E. Taylor, Plato, p. 477, n. 1.

32. Laws 746E.

83. Ibid., 771B, 746E. Similar proposals for a duodecimal number sys-
tem, based upon its superiority for calculation, continue to be put forward.
See, for example, E. Ullrich, Das Rechnen mit Duodezimahlzahlen
(Beitrige zum Programm der Realschule zu Heidelberg, 1891 [1117]),
Heidelberg, 1891; and F. Emerson Andrews, “Excursions in Numbers,”
Atlantic Monthly, CLIV (1934), 459-66.

34. Laws 817C.

35. Ibid., 697C; Euthydemus 305C-D.

36. Cf. Philebus 24, 52B, 64E, 65D; Statesman 283-85; Laws 746E;
Parmenides 1498, 151B, 164-65.

37. Cf. Appendix A.

38. A. E. Taylor, in “A Note on Plato’s Astronomy,” Classical Review,
XLIX (1935), 53-56, gives a clear, brief statement of the problem that
results if we take the doctrine of “one path” as representing a theorem
of theoretic astronomy. L. A. Post’s review of J. B. Skemp’s The Theory
of Motion in Plato’s Later Dialogues, American Journal of Philology, LXV
(1944), 298-301, suggests an interpretation of the discussion of circular
motion in Laws 893 which would be relevant to the present passage. On
Post’s interpretation, it should follow that the reference here to one path
is to some single closed curve generated as a combination of circular or
circular and linear movements. These conditions, however, are met com-
pletely by the Timaeus, where the helix generated by a point on a rotating
circle which at the same time oscillates through an angle of 46 degrees is
used to describe planetary motion. One can accept both the present inter-
pretation of “one path” and Post’s rendering of the later passage.

As for the common mistake of “calling the swiftest runner the slowest,”
this is the direct result of failure to recognize that planetary motion has
two components. The retrograde component is the proper motion of each
planet, since the forward component is transmitted from the outer heaven.
To the untutored observer, it looks as though the planet with the slowest
period were falling least far behind the fixed stars in a forward race.
No elaborate system of negative numbers is needed to recognize that the
slower runner falls further behind the swifter than one less slow. See also
n. 130, Chap. III, following.
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Laws 819C.

See Chap. III, Sec. 8c, following.
See Figs. 66-74, following.

Laws 819D.

Republic ii.

Statesman 283-88.

Laws 894A; see Chap. III, Sec. 4, following.
Aristotle, De anima, 404a.

Laws 945.

Ibid., 948.

Ibid., 934C.

Ibid., 959.

Ibid., T74A.

1bid., 956C.

Ibid., 914B.

Ibid., TT4A.

See Chap. III, Sec. 8a and Sec. 8b, following.
Republic 615A.

Timaeus 23E, Critias 108E,
Phaedrus 249A.

Phaedrus 257.

Critias 119B f£

CHAPTER III

1.

Scott Buchanan, Symbolic Distance in Relation to Analogy and

Fiction, Psyche Miniatures, General Series, No. 39 (London, 1932), pp.

101

. See the scholion figure (Fig. 33), following.

. Cratylus 432C.

. See Figs. 26-28, following.

. See Fig. 27, following.

. Gorgias 508A.

. See Chap. IV, Sec. 2, following.

. It is easy to calculate the equivalence of any given Platonic ordinal
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number in a schematized matrix, and the equivalent row and column
subscripts. Since these are verbal, not numerical, matrices, the ordinal
numbers in the Platonic schematism do not respond in the same way as
the subscripts to matrix operation.

9.
10.
11.

Republic 400B ff.
Ibid., 443D.
Ibid., 424B.
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12. Ibid., 546A ff,

13. Ibid., 514C-543.

14. Ibid., 509D-511.

15. Ibid.,, 587D.

16. Ibid., 616 ff.

17. For a further discussion of the analogy of the musical scale, see dis-
cussion of the world-soul, Chap. 1V, Sec. 1; also J. F. Mountford, “The
Musical Scales of Plato’s Republic,” Classical Quarterly, XVII (1923),
pp- 125f; and Aristoxenus, Harmonics, edited with a translation, by
Henry 8. Macaran (Oxford, 1902), pp. 11 ff,

18. Jowett, Dialogues, III, 686.

19, See Fig. 41, Chap. III, Sec. 3.

20. Adam, Republic, 1, 214-15.

21. P. Shorey, “The Meaning of kuklos in Plato’s Republic, 424A,”
Classical Philology, V (1910), 505-7.

22. Republic 616 ff.; see Chap. III, Sec. 8, and Figs. 66-74.

23. The discrepancy between the suggestion that the lengths of these seg-
ments somehow symbolize relative clarity of knowledge, and the analogies
said to hold between them, is vividly presented by Warner Fite, The
Platonic Legend (New York and London, 1934), p. 251.

To a reader of his time familiar with geometry, Plato’s directions for
construction involving the division and subdivision of segments “according
to the same ratio” would very likely suggest a mean and extreme ratio
section. One of the most spectacular geometrical properties of this con-
struction is precisely the way in which the shorter segment, laid off along
the longer, cuts the latter again in mean and extreme proportion. The
construction once made can thus be applied indefinitely for redivision of
segments in a constant ratio. As has been suggested, this property of
recurring ratio seems to be the line of research developed by Theodorus
in his investigation of the irrationals. A diagram developed by this con-
struction will have segments of lengths which exactly satisfy the set of
proportions attributed to the figure in Socrates’ summary of its properties.
This mean and extreme ratio construction of the diagram is shown in
Appendix B, Fig. 108.

24. The other uses of unequal segments referred to are the figure in
Laws x, describing the progress of causality from point to solid, and the
Platonic schematism reported by Aristotle in De anima 404a, representing
the faculties of the soul.

25. Note the use of higher and lower in the Sophist matrix, already
discussed, and the frequent use throughout the discussion in the Republic
of metaphors indicating that we have reached a higher place from which
more can be seen.

One must protest against the urge of typographical convenience, which
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has led scholars to represent this image by a line that is horizontal. The
vertical distinction of “higher” and “lower” is clearly part of the imme-
diate intuitive effect of the diagram, and to ignore it shows complete lack
of feeling for those properties of space which make possible significant
diagram and matrix representations. This point is dealt with in detail in
Chap. 1V, Introductory Comments, preceding the section dealing with
optical images in the Timaeus.

26. See the positions of “one” and “many” in the Pythagorean table of
contraries, Fig. 27, preceding,.

27. As in Fig. 44, following.

28. Compare Figs. 31-34 and the differentiation of temperance and justice
indicated in Fig. 35. In the present case, inequality : justice :: analogy :
temperance. It is important not to let one kind of knowledge do the work
that should belong to another; it is also important to see the resemblances
which make possible transition from one level to another.

29. The third segment of the divided line has usually puzzled inter-
preters who take it in conjunction with Aristotle’s attribution of an inter-
mediate realm of mathematical objects to Plato. There is nothing intrin-
sically puzzling about it. The objects treated by hypothetical techniques
are those of the real sciences; the treatment differs only in that there has
been no dialectical investigation of the principles of these sciences. The
result is that the test of a hypothetical science is its internal consistency;
the symmetry of the system determines its acceptability as a hypothetical
account. The test of a true science, on the other hand, is its correspond-
ence with forms, which are grasped in an immediate act of noetic insight.
Aristotle repeats an analogous distinction in his own differentiation of
“dialectic” and “demonstration.” The “sciences,” therefore, are strictly a
realm of truth, tested by correspondence; whereas the systems of mathe-
matics represent a realm of symmetry tested by consistency; the imitation
of these structures in the natural order is a realm of beauty. This intro-
duction of the touchstones of the good from the Philebus to explain the
theory of truth in the Republic is mediated and justified by Socrates’
account in the Phaedo of his own technique of hypothesis.

This Aristotelian attribution of a realm of intermediates is discussed in
Aristotle’s “Metaphysics,” a revised text with introduction and commen-
tary by W. D. Ross, 2 vols. (Oxford, 1924), I, xxxiii~lxxvi; it is examined
in more detail by L. Robin, in La Théorie platonicienne des idées et des
nombres d’aprés Aristote, Paris, 1908.

Aristotle, in treating Platonism as an anticipation of the use of formal
causes in his own philosophy, seems to introduce his own distinction be-
tween “abstraction” and “intuition” into his paraphrase of Platonic state-
ments. Aristotle does this in spite of the fact (which he elsewhere points
out) that Plato himself did not sharply separate the two faculties and their
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objects in the way Aristotle has done. But since Aristotle’s purpose is to
test the truth of Platonism as a philosophy (and Aristotle is convinced
that any true philosophy must respect this distinction), he can paraphrase
Platonism with the distinction presupposed. The result of this is a hypos-
tatized realm of intermediate mathematical entities in the paraphrase of
Plato. Robin’s study brings out this point very clearly.

30. Republic 537C L

31. Statesman 284-86.

82. Republic 530D-531E; see Heath, History, 1, 286.

33. Republic 531A.

34. Fig. 49, following.

35. Most of the following mathematical terms are taken from topology.
All seem metaphorical, and in two cases statements about their coinage
establish them as intentional metaphor. In their technical use, however,
these terms are given formal definitions which restrict them to “mathe-
matics” proper, and preclude any confusion or wrong identification of,
for example, topological and physiological “nerves.” On this point, Pro-
fessor Dan E. Christie, of Bowdoin College, has written:

. . . nerve of a covering and kernel of a homomorphism are cer-

tainly used metaphorically. Whether they were coined as metaphors,

I do not know. . . . As for references, my dissertation, “Net Homotopy

for Compacta,” Trans. Am. Math. Soc, LVI (1944), 275-308, uses

nerve as a tool but hardly goes into the subject. [My original note
had cited pp. 277, 280 of Christie’s dissertation as authority for the
usage of “nerve.” The letter here quoted is a correction inspired by
equal unwillingness to deprive a friend of a footnote, and to be mis-
represented in it.] Better references are either P. Alexandroff and

H. Hopf, Topologie (Berlin, 1935), p. 152, where “Nerv eines Mengen-

systems” is discussed, or P. Alexandroff, “Untersuchung tiber Gestalt

und Lage Abgeschlossener Mengen,” Annals of Mathematics, 2nd series,

XXX (1929), 104: “Nun definiert aber jedes endliche Mengensystem

B =FIl, F2 .. .Fs folgendermassen einen (abstrakt zu denken) Komplex

N(B), den ich den Nerv des Mengensystems nenne. . .”

As for kernel, on p. 557 of the aforesaid Topologie you will find a
definition of “Kern eines Homomorphismus. . . .” It is assuredly true
that these terms have precise mathematical definitions which rule out
confusion of topological nerves and algebraic kernels with physiological
[or botanical] things.

The references cited will enable the interested reader to see how such
technical mathematical definitions operate in the cases of “nerve” and
“kernel,” which seem typical of such coinage. Christie continues:

Here is another item for your file: part of a footnote from G. Joos,

Theoretical Physics, trans. by Ira M. Freeman (Hafner, N. Y.), p. 562:




282 NOTES FOR PAGEs 108 1o 118

“. .. but that at lower temperatures an ankylosis of degrees of freedom
takes place, . . .”” (Poincaré borrowed this term [ankylosis] from pathol-
ogy to denote the “freezing up of a degree of freedom. . ..").

This example is therefore a case of documented metaphorical coinage,
as well as use.

In conversation, Professor J. W. T. Youngs, of Indiana University, has
suggested as other examples: “skeleton,” “braid,” “hair,” ‘“shaving the
hairs off [a surface],” “trees,” “diaphragm,” “dendrite,” “cactoid,” “to cap
[a hole],” “osculating planes.” He also told me that he was thinking of a
suitable name for a new topological concept, of an element of a given
kind, capable of a given development, and that “germ” seemed to him a
suitable metaphorical term. This is a second case where coinage as well
as use can be documented as definitely metaphorical.

The reader must remember that reference to “new” mathematical terms
in the text means terms that are “new” in contrast to ancient Greek
coinages, though I believe the examples given in this note have not had
their novelty and feeling of being metaphor worn off through long
circulation.

36. Compare James Joyce's Finnegan’s Wake, in which a principle of
polyphony or systematic ambiguity is exploited to create lines and phrases
with several simultaneous meanings, often in different languages.

37. Cornford has done this in his English, Cousin in his French, trans-
lation of the Republic.

38. Cf. Chap. V, following.

39. Timaeus 43.

40. See discussions, preceding, of Meno 82, Sophist 266.

41. Timaeus 43 ff.

42. Cf. in Republic 587 Glaucon’s ability to interpret the tyrant’s num-
ber in its arithmetic and geometric forms. See also Chap. III, Sec. 7,
following.

43. Aristotle, Politics, 1313a2-b28. Aristotle, criticizing the theory of
revolutions and the notion of a cycle of constitutions put forward in the
Republic, quotes the phrase “of which the 4:8 base joined to the pempad
produces two harmonies when thrice augmented,” as the principle of
Plato’s theory. He explains the “thrice augmented” by adding “that is,
when the number of the figure has become solid.” From the passage, we
can infer (1) that Aristotle takes this passage seriously and apparently
understands it, (2) that the phrase he quotes is in his opinion that part
of the passage which serves as “principle” for the rest, (3) that the theory
is illustrated with a diagram, which, in the later development that
Aristotle does not feel the need to quote directly, represents a modification
of the figure described in the phrase quoted such that three factors are
needed for arithmetical statement of the relations of that final figure.
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The chief objections Aristotle urges are that the schematism is too remote
from empirical fact to have any value as a contribution to a genuine
Aristotelian science of politics; he notes that Plato himself was constrained
by the facts of the matter to leave the cycle incomplete, and not to carry
out this basic cyclic metaphor by postulating a revolution from tyranny to
aristocracy. For the most part, Aristotle is interested in the later develop-
ments of Republic viii-ix, not in this passage; but he does recognize the
passage as a schematic explanation of the principle organizing the later
discussion.

44. Timaeus 51 ff.; discussed in Chap. IV, Sec. 3, following.

45, The basic idea underlying the Pythagorean use of this triangle as
a symbol of marriage seems, from its use here, and from the general
character of Greek genetics, to be correctly represented by later tradition
as stated by Heath. The point is discussed as follows by Heath (Euclid,
2nd ed., I, 417, “Popular Names for Euclidean Propositions. 1.47."):

1. The Theorem of the Bride (theorema tes nymphes).

This name is found in a MS. of Georgeus Pachymeres (1242-1310) in
the Bibliothéque Nationale at Paris; there is a note to this effect by
Tannery (La Géométrie grecque, p. 105); but, as he says nothing more,
it is probable that the passage gives the mere name without any explana-
tion of it. We bave, however, much earlier evidence of the supposed
connexion of the proposition with marriage. Plutarch (born about
46 A.D.) says (De Iside et Osiride, p. 373F) “We may imagine the
Egyptians (thinking of) the most beautiful of triangles (and) likening
the nature of the All to this triangle most particularly, for it is this
same triangle which Plato is thought to have employed in the Republic,
when he put together the Nuptial Figure [gamelion diagramma—dia-
gramma, though literally meaning “diagram” or “figure,” was commonly
used in the sense of “proposition”] . . . and in that triangle the per-
pendicular side is 3, the base 4, and the hypotenuse, the square on
which is equal to the sum of the squares on the sides containing (the
right angle), 5. We must, then, liken the perpendicular to the male,
the base to the female and the hypotenuse to the offspring of both. . ..
For 3 is the first odd number and is perfect, 4 is the square on an even
side, 2, while the 5 partly resembles the father and partly the mother,
being the sum of 3 and 2.”

Plato used the three numbers, 8, 4, 5, of the Pythagorean triangle in
the formation of his famous Geometrical Number; but Plato himself
does not call the triangle the Nuptial Triangle nor the number the
Nuptial Number. It is later writers, Plutarch, Nicomachus, and Iam-
blichus, who connect the passage about the Geometrical Number with
marriage; Nicomachus (Introd. Ar. II, 24, 11) merely alludes to “the
passage in the Republic connected with the so-called Marriage,” while
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Iamblichus (In Nicom., p. 82, 20, Pistelli) only speaks of “the Nuptial

Number in the Republic.”

It would appear, then, that the name “Nuptial Figure” or “Theorem
of the Bride” was originally used of one particular right-angled triangle,
namely (3,4,5). A late Arabian writer, Beha-ad-din (1547-1622), seems
to have applied the term “Figure of the Bride” to the same triangle;
the Arabs therefore seemingly followed the Greeks. The idea underlying
the use of the term, first for the triangle (3,4,5), is that of the two
parties to a marriage becoming one, just as the two squares on the sides
containing the right angle become the one square on the hypotenuse
in the said theorem.

46. See Adam, Republic, II, 264 ff.

47. In general, in the texts of passages involving any sort of mathe-
matical reference or matrix construction, the manuscript tradition seems
more reliable than most editors have believed it to be.

48. The myth of the gold, silver, and iron varieties told in Republic
415B insists (1) that the differences are not in species, hence will not pre-
vent crossbreeding; (2) that the varieties will tend to breed true, but will
not necessarily do so. For example, our citizens are told, two iron parents
may produce a silver child, two silver parents an iron child, “and so for
all the other combinations.” The three-part difference in these varieties
is a difference in capacity, with environment held constant, to rule wisely;
hence the axis representing intellectual capacity in the present combina-
tion diagram is anticipated. The explicit mention of all the other com-
binations after the examples given suggests that behind this story lies some
scientific explanation of the genetic phenomenon, which would be based
on a combination diagram of the possible kinds of parental ability,

49. The suggestions made to citizens, that marriages between couples of
opposite temperament are likely to produce the best children and to be
best for the state (Laws 773A), would probably have been made to the
artisan class in the Republic.

In a forthcoming article on Plato’s genetic theory in the Journal of
Heredity, I have summarized evidence from the history of genetics in the
pre-Platonic period and from Plato’s work which indicates the following
conclusions: (1) The concept of “normative measure,” involving two
directions of deviation from a norm, gives a genetic matrix which explains
the practical marriage regulations described in the Statesman, where in
fact these regulations are presented as instances of “normative measure.”
(2) This same formulation makes the Myth of Metals in the Republic a
very precise piece of “popularized science”; the analogy of metals and
alloys is a fiction bypassing complex physiological phenomena, but the
expectation of variation between proper social functioning of parents and
children of every kind is exactly what the theory predicts. The provision
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for equality of opportunity of all children, whatever their parentage, in
a just state, is therefore not a mere fabrication contradicting known
scientific fact. (3) If the view of the relation of the Republic and the main
divisions of the Statesman suggested in my *“Plato Studies as Contemporary
Philosophy,” Review of Metaphysics, VI, (1952), is correct, the eugenic
program that Plato would advocate for an actual human society would
be about that of the Statesman. The basic problem Plato was treating is
given a twentieth-century statement in Lee R. Dice, “Heredity and Popu-
lation Betterment,” The Scientific Monthly, LXXV (1952), 273-79.

50. See text of Fig. 43.

51. Compare the scholion to Phaedrus 244A (Greene, Scholia, p. 79).

52. J. Dupuis, “Le Nombre géométrique de Platon; Mémoire définitif,”
in Theon Smyrnaeus, Exposition des connaissances mathématiques utiles
pour la lecture de Platon, ed. with a French translation by J. Dupuis,
Paris, 1892. Bibliographical citations in notes 53-64, following, are, except
for material in brackets, from Dupuis.

53. Fr. Barocius. Franciscus Barocius, Jacobi filii, patritii Veneti, com-
mentarius in locum Platonis obscurrisimum, et hactenus a nemine recte
expositum in principio Dialogi octavi de Rep. ubi sermo habetur de
numero Geometrico, de quo proverbium est, quod numero Platonis nihil
obscurius, Bologne, 1566.

54. Bodin, J. Les dix livres de la République, par J. Bodin, Angevin,
1583. Ensemble une Apologie de René Herpin, Paris, 1581.

55. Peucer, G. Les divins ou Commentaire des principales sortes de
devinations, distingué en quinze livres, lesquels les ruses et impostures de
Satan sont descouvertes, solidement refutées et séparées d’avec les sainctes
Prophéties et d’avec les prédictions naturelles, tr. par Simon Goullart,
Anvers, 1854. Tome IX, Chap. viii.

56. Mersenne, P. Traité de ’harmonie universelle par le sieur de Sermes,
Paris, 1627, t. II, théoréme xiii, p. 430.

57. [Thomas Taylor, The Theoretic Arithmetic of the Pythagoreans,
with an introductory essay by Manly Hall, Los Angeles, 1934, pp. 148-57.
The interpretation here corrects some details of Taylor'’s earlier presenta-
tion, in his translation of the Republic, cited by Dupuis; but Dupuis’
summary applies equally well to the conclusions of this later version.]

58. Le Clerc, J.-V. Pensées de Platon sur la religion, la morale, la
politique, Paris, 1819, p. 310.

59. Schneider, C. E. Chr. De numero Platonis commentatipnes duae.
Quarum prior novam jus explicationem continet, posterior aliorum de eo
opiniones recenset. Breslau, 1821.

60. Vincent, A.-J.-H. Notice sur trois manuscrits grecs relatifs A la
musique. Supplément 4 la note L, sur le nombre nuptial. (Notices et
extraits des mss. . . . Vol. XVI, pt. 2, pp. 184-194.)
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61. Martin, Th.-H. Histoire de 1'Arithmétique, le nombre nuptial et le
nombre parfait de Platon (Extrait de la révue archéologique, 13° année.)
Paris, 1857.

62. Mynas, C. M. Diagramme de la création du monde de Platon décou-
vert et expliqué en grec ancien et en frangais aprés 2250 ans. Paris, 1848.

63. [Eduard Zeller, Plato and the Older Academy, trans. by S. F. Alleyne
and A. Goodwin, new ed. (London, 1888), note 110, pp. 423-28.]

64. Weber, Otto. Gymnasium zu Cassel, Programm vom Schuljahre,
1861-2. Inhalt: De numero Platonis scripsit Dr. Otto Weber, Cassel, 1862,

65. P. Tannery, “Y a-t-il un nombre géométrique de Platon?” Rev. des
Et. Grecques, LXX (1903), 173-79.

66. Ivor Thomas, ed., Greek Mathematical Works, I: From Thales to
Euclid (London: Loeb Classical Library, 1939), pp. 399401, n. ¢, sum-
marizing Laird’s and Adam’s interpretations. Of interest in connection
with the latter is G. Kafka, “Zu ]J. Adams Erklirung der Platonischen
Zahl,” Philologus, LXXXIII (1914), 109-21.

The reader must remember, as a counterweight to Thomas and Kafka,
that no number of the size proposed makes any sense if we try to interpret
it as a period of a political cycle. Social changes do not take 36,000 years,
particularly in societies as small and turbulent as the Greek city-states.
From the postulates in context in the Republic, the first step of the down-
ward cycle must occur in less than 160 years, and the full progression in
less than 800. Any realistic study of history would show that changes in
social forms do not take anything like Zeller’s more modest 7,500-year
period. Neither does the recession from an ancient “Golden Age”
approach these large figures; the time between the existence of Plato’s
Athens and a mythical “Ancient Athens” which was a living embodiment
of Republic i-v was 9,000 years, and the great cycle is 10,000; numbers
that, even translated into days, are much too small for Adam or Thomas
Taylor (not to mention Sosigenes, cited by Proclus as making the number
something larger than 33 trillion). Nor is there any warrant for treating
this as the lifecycle of the human race. Men have survived many catas-
trophes, and presumably always will, because the perfection of the cosmos
requires that there be human beings in it. So even if this were what the
Platonic text said (and certain specific comments already made have given
some of my reasons for thinking it is not), we should be very far from
seeing what it could possibly mean.

67. Since the list is usually visualized as written out in a line:

(1) aristocrat
(2) timocrat
(3) oligarch
(4) democrat
(5) tyrant
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In this arrangement the interval is readily seen to be 1:5, not 1:9.
68. Since 729 equals 36414 X 2, it equals the number of days and
nights in a year. Cf. Adam, Republic, II, 358-59.
69. Sophist 266. See Chap. III, Sec. 1, preceding.
70. Republic 581C. 3.
71. Ibid., 586E-587C.
72. If a total matrix is

a b [
A Aa Ab Ac

B Ba Bb Bc
C Ca Cb Cc

a gnomon-section is Aa-Ba-Ca-Cb-Cc.

73. The auxiliary differs from a timocrat, and the artisan from an
oligarch, because both artisan and auxiliary are temperate, i.e., motivated
by reason, not by ambition or avarice.

74. Phaedrus 248.

75. Thus there are three characterizations given of the best kind of
lover, two each of the second through the eighth kinds, and only one of
the ninth. The same principle repeats in the listing of choices of life in
Republic X (see Chap. III, Sec. 9). This suggests that the emendation
<i#i> at Phaedrus 248D. 6 (Platonis Opera, ed. J. Burnet, II [Oxford,
1910]), which spoils the principle, is not desirable.

76. Republic 557C. To lend credence to the parallel between Republic
ix and Phaedrus 248 here suggested, it may be noted that in Republic x,
the souls changing into animals (Orpheus, Thamyras, Ajax, Agamemnon,
Atalanta, and Epeius and Thersites) represent, as Proclus and Adam have
noted, the musician-ruler-athlete-artisan-mimetic artist of the Phaedrus list,
and they are presented in almost the same order. See Chap. III, Sec. 9.

77. Republic 587C.

78. Adam, Republic, II, 360-61.

79. Republic 582A. (See Fig. 65.)

80. Ibid., 582D.

81. Ibid., 580D ff.

82. See Fig. 64, following.

83. Republic 577C-580B.

84. Ibid., 571C-572B, 575A.

85. Ibid., 612C~614A.

86. A. G. Laird, “Note on Plato, Republic, 587C-E,” Classical Philology,
XI (1916), 465-68.

87. Republic 534A.

88. Ibid.,, 611C.
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89. Ibid., 614B to end.

90. Theaetetus 176E.

91. Republic 617D.

92. See below, Section (7), (8).

98. The mechanism by which reason modifies appetite through the
presentation of images of its concepts, which in themselves have no ap-
petitive appeal, is presented in the account of the function of the liver,
Timaeus T1B-E. The strange notions of physiology in this passage should
not blind the reader to the importance of the basic psychological insight
into the relation of thought, imagination, and desire.

94. Some of the factors preventing uniform coincidence of a priori
expectation and actual perception are discussed in Timaeus 43D-44D; see
also the discussion of optics in the Timaeus, Chap. IV, Sec. 2, following.

95. Republic, 400-1.

96. The suggestion that what the souls see is really a model of the
universe, which Necessity holds in her lap, seems to have been made first
by J. A. Stewart, in The Myths of Plato. This suggestion has two argu-
ments in its favor. In the first place, it reconciles the position of the souls
with what they see; from the place of choice, which is on a trans-celestial
plain, the girders of the world can be seen stretching out into space, but
a bird’s-eye cross-sectional vision of the cosmic hemispheres would not
be possible. In the second place, it accords with Plato’s technique in the
Timaeus, where God's creation of the world is presented by a description
of the techniques that a maker of astronomical models would use in con-
structing a machine to show the motions of stars and planets. Further,
only in a model could the celestial spheres be seen in cross section, so
that their relative structure and the mechanism would not be hidden by
the all-enclosing outermost sphere. Of course, there must be complete
correspondence between the model and the world it represents, or the
model ceases to have value as a guide to the choice of life which the
souls who are shown it are about to make.

The present interpretation is based on the conviction that what the
souls see is in fact such a model as Stewart suggests.

97. Cf. Timaeus, mechanics of perception, 44D-47C; rdle of space in
thought, 52B. Since both perception and imagination are limited by space,
neither structures nor principles can be directly perceived or imagined,
but must be recognized by reason.

98. Cf. the basis of the differentiation of reason and opinion, Timaeus
51D.

99. Timaeus 57E-58C.

100. Cf. Heraclitus, Frag. 24 in J. Burnet, Early Greek Philosophy (4th
ed.; London, 1938), p. 185. See also the definition of justice in Republic iv.

101. Phaedrus 248E.
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102. Adam, Republic, 11, 443, Fig. ii; 445-7. Since this study was written,
however, I have decided that the evidence is by no means “conclusive,”
as I had thought. In discussion with Mr. Lawrence Hall, of Reed’s Cove
Boatyard, Orr’s Island, Maine, and several of his friends, I found that
experts in small sailing craft agree that any functional reinforcing cable
or strap must pass from side to side beneath the hull, not from stem to
stern. To quote one boatwright, the cable in Adam’s model *“may be a
fender, or something of that sort, but it couldn’t be a reinforcing cable;
boats don’t break that way.” Mr. Hall is convinced that this would neces-
sarily be true for a Greek trireme. As a Platonist, one should probably
defer to the judgment of experts in a matter of their own art, and reject
Adam’s interpretation of the hypozomata.

103. Cf. Chap. III, Sec. 1, preceding.

104. Republic 498D.

105. Ibid., 617B.
106. A, E. Taylor, 4 Commentary on Plato’s “Timaeus” (Oxford, 1928),

pp. 161-62, n. 2: “The MSS text [of this list of colors] should therefore
be accepted as the only authenticated one. I confess I am entirely at a
loss to understand what the order it gives is meant to represent. It is hard
to acquiesce in Adam’s view that it is a mere jeu d’esprit; it ought to
stand for something which can be detected in the ‘appearances,” but for

what?”’

107. See Figs. 66-74.
108. As Taylor remarks in the note just quoted, Adam has no definite

function to suggest for this phenomenon of balancing.

109. The interpretations of Chapters II-IV of this study show that
Plato’s images are meticulously constructed. See Figs. 66-75, which, as
calculation will show, would be very unlikely to balance as they do if
they had not been constructed with this result in view.

110. E.g., Timaeus 52D-E,

111. Timaeus 68E is a clear, brief statement of this distinction.

112. See Adam, loc. cit.; John Burnet, op. cit., pp. 188, 190-91, 304, n. 1.

118. Sir Thomas Heath, History, I, 335, summarizes his conclusion, de-
veloped in his studies of Greek astronomy, that Aristotle reintroduced the
Ionian notion of astronomy as celestial mechanics in his notion of “coun-
teracting spheres.” The mathematical description of the world qua
organism is given by Plato in the proportions used in the construction of
the world-soul, Timaeus 35A-36E.

114. Timaeus 52D-53C, 57E-58C.

115. Ibid., 58D ff.
116. Mass equals volume and density. The term is not used in its tech-

nical modern sense, but as representing the concept that heavier bodies
are harder to lift or move, or, once put in motion, to stop, a concept
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which Plato uses, for example, in Republic iv. to describe the inevitability
of the growth of a state, once it has started gaining such “momentum.”

117. See Figs. 69, 70.

118. I would like to correct here a statement made in my article,
“Colors of the Hemispheres in Plato’s Myth of Er (Republic 616E),”
Classical Philology XLVI (1951), 173-76. On p. 174 I say that the prob-
ability of the properties of symmetry and balance appearing by chance in
lists of digits from 1 to 8 “can easily be calculated.” In footnote 10 (ibid.,
276), an approximation of this probability is calculated. But the approxi-
mation assumes the independence of certain factors which are not in fact
independent, and the correct calculation is “easy” only for a professional
calculator.

The conditions stated in the footnote cited are too far from those of
this particular problem to give the right result. Actually, the correct figure
is arrived at as follows. Given any list of digits from 1 to 8, take the
first one and its complement (9 minus this first digit). How many other
pairs of positions adding to nine would we describe as “symmetrical”’?
Taking the digit which lies in one position of a second “symmetrical”
pair, what is the chance that the other position of that pair will contain
its complement? Similarly for third pairs, given the first two. (If the first
three pairs meet these specifications for symmetry, the fourth pair must
also meet them.) Of these symmetrical arrangements, which will always
have the sum of the first four digits equal to those of the last four? In
what proportion of the patterns will only half the symmetrical arrange-
ments approximate this balance?

The answers to these questions must be worked out separately for each
location of the complement of the first digit in the list. The result is that
the chance of having both symmetry and balance in a single such list,
constructed at random, is less than 1/10 (actually, 9/98). To have four
independent lists show these properties if they are random in construction
has a probability of 1/10.4 (The renumbering in order of size of the sums
of two such lists interferes with both properties sufficiently to justify
treating the fourth balanced figure [of masses] as independent.) The sym-
metry of the fifth list, also independent, has a likelihood of 1/7. The
probability that these properties are only coincidence is therefore 1/70,000.
Ordinarily, we assume that in a given single case an event with a prob-
ability of 1/10,000 or less does not in fact happen. (Ordinary statistical
procedures make a much less rigorous assumption.) The fact that the
principle of symmetry appears in a clearer form in the fifth list (if the
reader will grant that balance of adjacent pairs is the most clear and
natural way of representing mutual adaptation) is, since we admit the
first and last digits as “adjacent,” 3/105. But, having already included the
condition that this fifth list is symmetrical, we must use here only the
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probability that the favored type of symmetry will appear in the fifth of
five symmetrical lists, which is 1/7. The final figure, therefore, expressing
the probability that the properties present in these lists would appear in
such a set of lists constructed by chance, is 1/490,000. Though this is
considerably less than the figure that would result if the properties were
treated as independent for each pair in each list (the calculation in my
footnote would apply exactly to certain techniques of list construction,
but presumably not to those that Plato used), the revision makes no
practical difference. It is still mathematically shown that the appearance
of these properties is so unlikely to be coincidental that we can disregard
that explanation.

The reader is asked to verify the fact that in the present calculation
the problem has been stated in a way which evaluates the chance of an
interpreter’s being able to find these properties in lists when he is looking
for them. In other words, conditions are used which operate against find-
ing a high improbability; a very liberal notion of “symmetry” is em-
ployed, and the interpreter is assumed to look in each list for any pattern
that can be called “symmetrical.” By assuming slightly different conditions
(for instance, that fewer arrangements are admitted as having the property
of “symmetry,” or that we are dealing with the construction of lists by
drawing digits and position numbers from a hat), one can set up condi-
tions that seem to apply to this problem, but, not being exactly enough
applicable, give too high an improbability.

119. Republic 616C. 6-8.

120. Timaeus 67C. 5-68E. 9.

121. Ibid., 68A.

122. Ibid., 68B. 1-5.

123. Republic, 617A. 2-3.

124. Ibid., 617A. 4.

125. Timaeus 68C. 2-4. In connection with this entire passage on color
perception, and with the device of arranging colors by intensity in the
Myth of Er, the descriptions of color mixture and the emphasis on in-
tensity correspond closely to the first-hand color experience of a man at
least partially red-green color blind. (This is especially true of the descrip-
tion, in the Timaeus passage just cited, of bright green as the result of
mixing grey and yellow.) It is therefore possible that many of the pecu-
liarities of the color description do not reflect general Greek practice, but
idiosyncrasies of the color vision of the author; and that, in turn, may
help to explain why Plato feels this whole field is controversial, and
difficult to secure agreement about.

126. Timaeus 59B-60D.

127. Unless, as Taylor suggests in the quotation cited in n. 106, the
“older version” of the text given by Proclus (discussed by Adam) was an
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attempt to judge this property from apparent luminosity, a very unscien-
tific undertaking.

128. Cf. Figs. 66-75.

129. Theon says that he himself built a model of the astronomical
machine described in the Myth of Er. Presumably this was one of the
water-driven orreries which Hellenistic mechanics had devised; see Heath,
History, 1I, 428-29.

Though the variant xvkhiecBouw in Theon’s text would describe a planet
moving within its zone in a cycloid, nothing in Plato’s description of the
model corresponds to the planet as distinct from its zone or orbit, and of
course no motion compounded of rotation and translation fits the me-
chanics of concentric hemispheres in the machine.

The difference here between Theon and the manuscript tradition sug-
gests that both may be alternative restorations of a corrupt original. In
that case, it is possible that Plato originally gave some indication here of
how the transmission of momentum in the model came about.

130. This diffusion of velocities is somewhat obscured by the fact that
whereas the swiftest circle has a forward velocity, the velocities of the
others are measured by length of period and are compounded of forward
and retrograde motions. The diffusion of the retrograde impulsion applied
to the inner circle is shown by the proportionate lengthening of period as
distance from the center increases. Taking the retrograde component as
the proper motion of each planet (since the celestial revolution is given
it from outside), we can see why, in the Laws treatment of astronomy
discussed in Chap. II, preceding, ordinary common sense is blamed for
“praising the slowest runner as the fastest”; this follows if we think of
planetary motion as having only a forward component, and the planet
with the longest period as coming closest to “keeping up with” the motion
of the stars in a celestial race. See n. 38, Chap. II.

131. The place of the vortex concept in Ionian cosmology is well de-
veloped in Burnet, Early Greek Philosophy.

132. Evidently the Hellenistic notion of fluid transmission is the most
natural one to apply in designing a model that will duplicate the motions
Plato describes and that will respect the diffusion of impulsions applied
to the outside and center of the system. At any rate, Professor Wallis
Hamilton, of Northwestern University, in reply to an inquiry as to how
a model could most easily be made that would duplicate the dynamics
of Plato’s world-machine as I described them, has suggested a model with
cardboard rings floating on water and an inverted can in the center
setting up the retrograde motion by its rotation.

183. Timaeus 57E-58C.

134. Ibid., 38D.

135. See also F. M. Cornford, Plato’s Cosmology: The “Timaeus” of Plato
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translated with a running commentary (New York, 1937), pp. 74-115.

136. Republic 617C. 5-6.

137. Timaeus 36C.

138. Ibid., 37E-38B.

139. Republic 617C. 6.

140. Theaetetus 176E-177A.

141. Republic 592A-B.

142. Ibid., 395.

148. Laws 903E.

144. Republic 612B-613E.

145. If we further assume an intentional or unintentional connection
between the various images of cycle in the Republic, the image of the
momentum of a repeatedly impelled wheel, introduced in Book iv, may
be cited as an indication that the inexorability of this machine is the
result of its tremendous momentum; the massiveness of the cosmic hemi-
spheres makes it impossible for any human agency to stop their motion.
This compares very accurately with the “necessary” physics, in which
process is treated in terms of the velocities and densities.

However, the fact that we are inclined to look for correspondences
among the cyclic images introduced previously and in the present image
reinforces the initial assumption that the nature of the model does not
preclude the possibility of free choice. For both the cycles of evolution and
degradation are presented as spirals. If a state at any time directs its atten-
tion to educational reform, it will improve just as inevitably as it will de-
cline when, neglecting dialectic and impelled only by the motives inher-
ited from its immediate past history, it does not. The political situation,
as presented in these parallel images, seems to be one in which the state
at each moment may either blindly follow its trajectory to an ultimate
tyranny, or through new insights initiate a reform leading it back to an
aristocracy. Certainly we should not expect a model of cosmic process to
render what has been presented as political fact a physical impossibility.

146. The eschatological details, however, retain the emphasis on ten
characteristic of the Orphic-Pythagorean tradition. For the importance of
ten in Plato’s myths generally, see Chap. II, Sec. 3, preceding.

147. Republic 617E.

148. J. Adam, “On Plato, Republic 616E,” Classical Review, XV (1901),
391-93 (which must be read with the fact in mind that Adam later rejects
Proclus’ readings), and A. E. Taylor, Commentary, p. 161, n. 2, suggests
the interpretation which seems to have inspired this text. See Fig. 69,
following, for a demonstration that this text does not follow the balanced
pattern of the other lists of details in the passage.

149. In his Early Greek Philosophy, p. 304, n. 1, Burnet defends his
decision to recognize Theon’s qualification of Mars's retrogradation. See
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A. C. Clark, The Descent of Manuscripts (Oxford, 1918), pp. 383-418,
I have accepted Burnet's hypothesis in this section, though most con-
temporary scholars would question it. Certainly, his argument needs quali-
fication; but one is tempted to think that something of the sort is the
case, particularly in view of the occurrence of five consecutive variants at
intervals of 15 letters, between Theon’s text and the manuscript version.

150. Phaedrus 252C.

151. See Sec. 7, note 75, in this chapter.

152. Republic 620B.

CHAPTER 1V

1. Aristotle, Metaphysics 1092a.

2. For this principle of multiple interpretation at work, see The
Timaeus and Critias or Atlanticus, trans. Thomas Taylor, reprint ed.
(The Bollingen Series; New York, 1944), Introduction; and The Commen-
taries of Proclus on the “Timaeus” of Plato, trans. Thomas Taylor, 2 vols.
(London, 1820).

3. An inquiry into the use of mathematics in connection with meta-
physics, as in the Parmenides, was originally planned as part of the present
study, but has proven so complex and extensive that it will require a
separate work. I discuss the dialectical context of this problem in Chap. III
of The Réle of Mathematics in Plato’s Dialectic (Chicago, 1942).

4. See the discussion of logistic and mathematics preceding, particu-
larly Chap. II, Sec. 2b.

5. Laws 757B.

6. Laws 894A; Epinomis 990D-991C; Aristotle, De anima 404a.

7. See subsequent discussion in Chap. IV.

8. Eg., D’Arcy W. Thompson, On Growth and Form (Cambridge,
1917).

9. Aristotle, Physics 206b32.

10. Timaeus 36C. The frontispiece in Cornford, Plato’s Cosmology, is
a photograph of such a metal-band astronomical model.

11. Still following the analogy between God’s creation of the cosmos
and an artisan building a metal astronomical model, Plato seems here to
envision the “cutting off of strips” as marking off and cutting into the
metal band the intervals of a metric scale. Such a scale is evidently an
important part of a model of this kind. To believe, as most translators
and editors have, that the big band is exhausted by being “cut up” into
smaller pieces, leaves no material from which the outermost circles of the
cosmos are made; and such interpretations render the text at 37C, where
the strip is split lengthwise after this “cutting,” quite unintelligible. By
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what may be a happy arithmetical coincidence, if we take a wide metal
band incised with a scale from 1 to 27 and split it into three, the third
strip can be cut up to give exactly the lengths needed for the rings within
the model, representing planetary orbits, if the circumferences of these
correspond to the basic scale (since 1 +2 43 4-4-+8+9=27).

12. Timaeus 36C-D.

13. The best English source for an idea of Proclus’ full interpretation
is the translation cited in n. 2 of his commentary on the Timaeus.

14, A good deal of Pythagorean “number-symbolism” seems to have
resulted from the Pythagoreans’ having had no simple notation for a
mathematical or logical variable. Consequently, the first (i.e., smallest)
integers having a given property are used with the convention that these
represent any term or number that has the same relevant property. In
dealing with opposed pairs of properties, such as the “same” and “other”
in the Timaeus, specific odd and even integers may be used, the former
standing for terms in scientific analogies representing the “same,” the
latter for those representing the “other.” (This suggestion answers Aris-
totle’s question as to why the Pythagoreans identify a given property with
the first integer that has it, and makes possible a sensible interpretation of
such Pythagorean maxims as “justice is four.”)

15. Cornford, op. cit., pp. 59-66; A. E. Taylor, Commentary, pp. 106-8.

16. Parmenides 164C-166.

17. Heath, History, 1, 115-17: “The pythmen and the rule of nine or
seven.”

18. Cf. L. Robin, Théorie platonicienne (Paris, 1908).

19. Timaeus 47.

20. Ibid., 44A, 64D.

21. Ibid., 51E f£.

22, Ibid., 46B, see Fig. 87, following.

28. Ibid., see Fig. 89, following.

24, Ibid., see Fig. 91, following.

25. Epistle VII, 343C ff.

26. Timaeus 47A fI.

27. Ibid., 46B. 7-13.

28. Ibid., 43B, 90D, 92A.

29. Cf. Timaeus 50D fi.

30. Republic vii, 528A.

31. See the table of principles, Figure 49, preceding.

32. Timaeus 54D.

33. Ibid., 53B.

34. Compare the “shock” physics of Descartes, “The World,” in Extracts
from Descartes’ Writings, trans. H. A. P. Torrey (New York, 1892).

85. Timaeus 53B-C.
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36. Eva Sachs, Die fiinf platonischen Kdarper (Berlin, 1917); Heath,
Euclid, 111, notes on Book xiii; Euclid, Elements, xiii.

87. See Chap. III, Sec. 8a and Fig. 66, preceding; the rdle of equilib-
rium is presented in Timaeus 52D-53C, 57E-58C.

38. Timaeus 55C. If we read the earlier postulate of God’s “marking
out triangles” as equivalent to the assumption that an integration of
places produces a space (treating a place as the locus of some homo-
geneous property, the space as a field within which there is constant,
continuous interaction and qualitative flow), this embroidery takes on
more point. The use of points of light to mark outlines of animal figures
in the sky is technologically very like the mathematician’s postulate of
infinitesimal “places” which provide the groundwork necessary for a
description of objects in space.

The concept of a limit and the problem of defining it make their ap-
pearance with the Pythagorean attempt to build magnitudes from non-
extended spatial elements; Zeno's paradoxes demonstrated some of the
defects in logic of their formulation. By Anaxagoras’ time, it was evidently
felt that some justification must be given for reasoning from the proper-
ties of finite things to the properties of their infinitesimal parts, and
Anaxagoras’ concept of homoeomereity is his justification for such infer-
ence. Cornford’s demonstration of an analogous property in Plato’s ele-
mentary triangles seems a valid and needed one. If space is continuous,
the process of decomposing plane figures can go on indefinitely; but, once
the process of analysis yields figures similar to the ones analyzed, the
inference from finite to infinitesimal is a reasonable one.

Particularly in the light of A. N. Whitehead’s recent analyses of space,
place, and location, Plato’s development of this geometrical element theory
is a philosophically suggestive one. Plato’s statement that “we assume God
marks out the elementary triangles” translates into more contemporary
terms as the postulate that “space equals an integration of places,” taking
“place” as a limit. That postulate connects mathematical and empirical
space, since a region (a nexus of places) can be observed and described,
but a pure empty space cannot. Pure space can be “known” only by the
psychological act of emptying consciousness of all particular perception
and thought; space remains, This is exactly the process recommended by
Bergson for apprehending pure “duration,” and the similarity suggests
that Platonic “space” has dynamic properties.

The construction of volumes from bounding “places” is a neat mathe-
matical formalization of the psychological construction (explained in non-
mathematical terms in Aristotle, De anima, Book iii) by which we associate
notions of touch and motion with perception of plane visual images, and
perceive volumes and solids.

A comparison of this entire passage in the Timaeus to the relation of
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the monad and the infinitesimal in Leibniz’ philosophy is extremely
interesting.

39. Republic x, 601D ff.

40. Cornford, Cosmology, pp. 281-39, where this concept of the homoe-
omereity of the elemental triangles is developed. See Figs. 98-99, following,.

41. Timaeus 54E; see Fig. 95,

42. Ibid., 53C: &hdev Adve.

CHAPTER V

1. Gorgias 518E-519A.

2. Prodicus in Protagoras 340C-341C.

3. See “Ambiguity of metaphor,” Chap. III, Sec. 6a, preceding.

4. Euthydemus, throughout; also the Protagoras passage already cited,
n. 2.

5. Republic vii. 534D.

6.

. A. E. Taylor (in Plato) reads many of the earlier dialogues as refu-
tations of the Sophistic idea that virtue can be, as it were, externally and
mechanically applied.

7. See above, Chap. III, Sec. 6e and 6f (14).

8. The text is:

*Eneid, Haneg méhig, fiv 8 2vdh, Sufionton xate Tolo el8n, oftw xal puxd
&vdg &xdovov Toufi, 84Eevan®, dg Epol Soxel, xal dvdoav Ambdekw.

* 3éketan W (Chambray), Chambray, Adam, Shorey
T Aoyiomxdv déEeTan A (Chambray)
LoyioTunv déEeTan q! (Adam)
Loyiominn 8éEetan q2 (Adam)
Aoyiotixdv déEeTan A%, F,D, M (Shorey), Apelt

loyiotindy drdopnmixdv Supuxdv —Par. 1642 (Shorey)

Chambray — Chambray, République; Adam — Adam, Republic, 1I; Shorey =
Shorey, Republic, II; A (Chambray) = cod. Parisinus 1807; q! (Adam) = cod.
Monacensis 237; g2 (Adam) — later corrections of and additions to ql; Apelt =
Platons Staat, trans. and ed. O. Apelt (Der Philosophischen Bibliothek, Bd. 80,
Leipzig, 1920); A? (Shorey) = later corrections of and additions to cod. Parisinus
1807; F (Shorey) = cod. Vindobonensis 55; D (Shorey) — cod. Venetus 185; M
(Shorey) = cod. Malatestianus XXVIII, 4; Par. 1642 (Shorey) = cod. Parisinus
1642; W (Chambray) = cod. Vindobonensis 54. The translation given in my text
follows Apelt and Shorey’s A%, F, D, H.

9. See discussion of the bewilderment of Glaucon, Chap. III, Sec. 7,
preceding.

10. Compare the differentiation of “logic” (dialectic) and “logistic”
throughout Republic vii.
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11. See the analysis of characteristic Neo-Platonic interpretation of

analogy, Chap. 1V, Introductory Comments.
12. Theaetetus 146, discussed in Chap. I, Sec. 4, preceding, and in
Appendix B.

13. Republic vii. 531E.
14. Meno 83 f.; Chap. I, Sec. 2, preceding; and Appendix B,

AFPPENDIX A

1. Here, as was suggested in connection with the Phaedrus, the power
of Poseidon is his most striking attribute; and the mixture of a divine
nature inherited from him with a mortal nature produces descendants
characterized by their desire for domination and power.

2. See Chap. III, Sec. 8, preceding.
3. See Chap. II, Sec. 1, preceding, for discussion of the confusion of

same and other represented by this use of 5 and 6; and compare with
the use of same and other as orienting co-ordinates of matrices, e.g.,
Sophist 266A, discussed in Chap. Iil, Sec. 1, preceding.

APPENDIX B

1. The figures involving imagery of quadrilaterals and their diagonals
are presented together for comparison in Fig. 107A-M, following.
2. See Chap. III, Sec. 4, preceding; and Fig. 108,

ks B
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